APPLICATION OF MULTIHOMOGENEOUS COVARIANTS TO 
THE ESSENTIAL DIMENSION OF FINITE GROUPS 

ROLAND LOTSCHER 

Abstract. We investigate essential dimension of finite groups over arbitrary 
fields and give a systematic treatment of multihomogenization, introduced in 
|KLS68j . We generalize the central extension theorem of Buhler and Reichstein, 
|BR97I Theorem 5.3] and use multihomogenization to substitute and general- 
ize the stack-involved part of the theorem of Karpenko and Merkurjev jKMOS] 
about the essential dimension of p-groups. One part of this paper is devoted 
to the study of completely reducible faithful representations. Amongst results 
concerning faithful representations of minimal dimension there is a computa- 
tion of the minimal number of irreducible components needed for a faithful 
representation. 



1. Introduction 

Throughout this paper we work over an arbitrary base field k. Sometimes we 
extend scalars to a larger base field, which will be denoted by K. All vector spaces 
and representations in consideration are finite dimensional over the base field. A 
quasi-projective variety defined over the base field will be abbreviated as a variety. 
Unless stated otherwise we will always assume varieties to be irreducible. We denote 
by G a finite group. A G- variety is then a variety with a regular algebraic G-action 
G X X —> X, X i—> gx on it. 

The essential dimension of G was introduced by Buhler and Reichstein jBR97| 
in terms of compressions: A compression of a (faithful) G- variety y is a dominant 
G-equivariant rational map ip: Y X, where A is a faithful G- variety. 

Definition 1. The essential dimension of G is the minimal dimension of a com- 
pression (p: A{V) A of a faithful representation V of G. 

The notion of essential dimension is related to Galois algebras, torsors, generic 
polynomials, cohomological invariants and other topics, see |BR97| . There is a gen- 
eral definition of the essential dimension of a functor from the category of field 
extensions of k to the category of sets, which is due to Merkurjev, see |BF03j . 
The essential dimension of G corresponds to the essential dimension of the Galois 
cohomology functor K i-^ H^{K, G). We shall use this only in section [HI 

We take the point of view from |KS07| , where the covariant dimension of G 
was introduced: A covariant of G (over k) is a G-equivariant (fc-)rational map 
(p: A{V) --•» A{W), where V and W are (linear) representations of G (over k). The 
covariant ip is called faithful if the image of the generic point of A(y) has trivial 
stabilizer. Equivalently there exists a fc-rational point in the image of ip with trivial 
stabilizer. We denote by dim ip the dimension of the closure of the image of ip. 
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Definition 2. The essential dimension of G, denoted by edinifc G, is the minimum 
of dim tp where (p runs over all faithful covariants over k. 

The covariant dimension of G, denoted by covdim^ G, is the minimum of dim ip 
where (p runs only over the regular faithful covariants over k. 

The second definition of essential dimension is in fact equivalent to the first 
definition, which follows e.g. from |F108[ Proposition 2.5] or from (the first part of) 
the following lemma: 

Lemma 1. Let W be a faithful representation of G. Then for every affine unira- 
tional faithful G-variety X there exists a faithful regular G-equivariant map ip: X ^ 
A{W). If X contains a k-rational point xq G X{k) with trivial stabilizer andwQ G W 
has trivial stabilizer as well, then ijj can be chosen such that 'iJj{xq) = wq: 

Proof. Choose / G k[X] such that /(xq) = 1 and f{gxo) = ior g ^ e, and define 
a regular G-equivariant map -0 : X — > A{W) by 

■0(2;) = fi9x)g^^wo. 

The map ijj is faithful since wq is in the image of ip. This shows the second part of 
the lemma. If k is infinite this immediately implies the first part since in that case 
the fc-rational points in X and A{W) are dense. 

Now let fc be a finite field and let t be transcendental over k. Since k{t) is infinite 
we obtain a faithful regular fc(t)-rational G-equivariant map X^^ A{W k{t)) 
where X^^^) = X xspccfc Specfc(t) is X with scalars extended to k{t). This corre- 
sponds to a homomorphism W* ® k{t) k[X] (g) k{t) of representations of G with 
faithful image, where W* is the dual of W and k[X] is the affine coordinate ring 
of X. Actually we may replace k[X] ^ k{t) hy U ® k{t) for some finite-dimensional 
sub-representation U C fc[X]. By the following Lemma [2] there exists a homomor- 
phism W* — > k[X] with faithful image, hence a faithful regular G-equivariant map 
^:X^A{W). □ □ 

Lemma 2. LetW andV be (finite- dimensional) representations of G overk. Then: 

• If V ® k{t) is a quotient of W ® k{t) then W is a quotient of V . 

• If W ® k{t) injects into V k{t) then W injects into V. 

• If W (E) k(t) —>■ V (E) k{t) is a homomorphism with faithful image, then there 
exists a homomorphism W V with faithful image as well. 

Proof. To show the first claim let tt: W(^k{t) V(^$k{t) denote the quotient map. 
Since t is transcendental over k the kernel of tt can be lifted to a representation U 
of G over k, i.e. kerTr ~ [/ eg) k{t). Hence 

(W/U) k{t) ~ (W' ® k(t))/(U ® k{t)) i^V® k{t). 

By the theorem of Noether-Deuring this implies W/U ~ V , showing the claim. The 
second claim follows from the first claim and dualization. The third claim follows 
from the first two applied to V ®k{t) ^ X ® k{t) and X ®k{t) ^ V ®k{t) where 
X is a lift of the image oi W ® k{t) ^ V ® k{t) to a. (faithful) representation of G 
over fc. □ □ 

We call a faithful regular (resp. rational) covariant minimal if dimi^ = covdinifc G 
(resp. dim (/J = edim^G). For any faithful representations V and W oi G there 
exists a minimal faithful regular (resp. rational) covariant ip: A{V) --^ A{W). This 
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is basically another consequence of Lemma [T] At least it shows immediately that 
the choice of W is arbitrary and if k is infinite one can use fc-rational points with 
trivial stabilizer as in |KS07[ Proposition 2.1] to show that V can be arbitrarily 
chosen. For arbitrary fields use e.g. [BF03[ Corollary 3.16] to see independence of 
the choice of V. 

In sections [2] and [3] we develop the technique of multihomogenization of covari- 
ants and derive some of its basic properties. Given G-stable gradings V — 0™ ^ Vi 
and W = 0"=i Wj a covariant (p = (tpi, . . . , (pn) ■ ^{V) A(W) is called multi- 
homogeneous if the identities 

ifjivi, . . . ,Vi_i,SVi,V.i+i, . . . ,Vjn) = S'"'^>j(wi, . . . 

hold true. Here s is an indeterminate and the rriij are integers, forming some ma- 
trix G Mmxni"^)- Thus multihomogeneous covariants generalize homogeneous 
covariants. A whole matrix of integers takes the role of a single integer, the degree 
of a homogeneous covariant. It will be shown that the degree matrix Af^ and espe- 
cially its rank have a deeper meaning with regards to the essential dimension of G. 
Theorem [T2l states that if each Vi and Wj is irreducible then the rank of the matrix 
M is bounded from bellow by the rank of a certain central subgroup Z{G, k) (the 
fc-center, see Definition [5]) . Moreover if the rank of exceeds the rank of Z{G, k) 
by A G N then edim^ G < dim ip — A. This observation shall be useful in proving 
(partly new) lower bounds to edim^ G and for most applications in the sequel. 

In section m we study faithful representations of G, especially faithful represen- 
tations of small dimension. It is the representation theoretic counterpart to the 
results on essential dimension obtained in later sections. 

Section [5] relates essential dimension and covariant dimension. It is well known 
that the two differ at most by 1, see the proof of |Re04| . which works for arbitrary 
fields. By generalizing [KLS08[ Theorem 3.1] (where k is algebraically closed of 
characteristic 0) to arbitrary fields we obtain the precise relation of covariant and 
essential dimension in case that G has a completely reducible faithful representation. 
Namely Theorem l34l savs that covdim^ G = edim^ G if and only if G (is trivial or) 
has a nontrivial fc-center, otherwise covdim^. G = edim^ G + I. 

A generalization of a result from |BR97| is obtained in section [5] where the 
following situation is investigated: G is a (finite) group and H a central cyclic 
subgroup which intersects the commutator subgroup of G trivially. Buhler and 
Reichstein deduced the relation 

cdimfe G = cdimfe G/H + 1 

(over a field k of characteristic 0) for the case that H is a maximal cyclic subgroup 
of the fc-center Z{G, k) and has prime order p and that there exists a character of G 
which is faithful on H, see |BR971 Theorem 5.3]. The above theorem was generalized 
to arbitrary fields in [Ka06[ Theorem 4.5], where for the case oi p = charfc > the 
additional assumption is made that G contains no non-trivial normal p-subgroup. 
Some other partial results were obtained by Brosnan, Reichstein and Vistoli in 
|BRV07| and ^BRVOS; and by Kraft and Schwarz and the author in [KLSOSj . In this 
paper we give a complete generalization which reads like 



edimfc G = edim^ G/H + rk Z(G, k) - rk Z{G, k) /H, 
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where we only assume that G has no non-trivial normal p-subgroups if char k — p > 
and that k contains a primitive root of unity of high enough order. For details 
see Theorem [551 

Section [7] contains two additional results about subgroups and direct products, 
both obtained easily with the use of multihomogeneous covariants. 

In section [8] we shall use multihomogeneous covariants to generalize Florence's 
twisting construction from [F108 ] . The generalized technique gives a substitution for 
the use of algebraic stacks in the proof of the theorem of Karpenko and Merkurjev 
about the essential dimension of p-groups, which says that the essential dimension of 
a p-group G equals the least dimension of a faithful representation of G, provided 
that the base field contains a primitive p-th root of unity. Actually the twisting 
construction gives more than that. It yields a conjectural formula for the essential 
dimension of any group G whose socle is central (i.e. such that every nontrivial 
normal subgroup of G intersects the center of G nontrivially) and whose degrees 
of irreducible representations satisfy some divisibility property. See Corollary of 
Conjecture |48] for details. 

In section|9]we consider the situation when multihomogenization fails. This is the 
case when G does not admit a faithful completely reducible representation. That 
can only happen if char fc = p > and G contains a nontrivial normal elementary 
abelian p-subgroup A. Proposition^^ relates the essential dimension of G and G/A 
by edimfc G/A < edimj; G < edim^ G/A+ 1 when A is central. 

2. The technique of multihomogenization 

2.1. Multihomogeneous maps and multihomogenization. Most of this sec- 
tion can already been found in [KLS08] , where multihomogenization has originally 
been introduced for regular covariants (over C). We give a more direct and general 
approach here. 

Denote hy X = IIom(-, Gm) the contravariant functor from the category of com- 
mutative algebraic groups (over k) to the category of abelian groups, which takes a 
commutative algebraic group T to ^(F) — IIom(r,Gm). For example X{T) — Z'' 
if T = GJ^ is a split torus of rank r = dimT. In particular X{Grn) = 

Let T = G™ and T' = G"„ be split tori. Any homomorphism D e Hom(r, T') cor- 
responds to a linear map X{D) : X{T') X{T) and to a matrix e J^mxnC^) 
under the canonical isomorphisms 

Hom(r,r') = Tioin{X{T'),X{T)) = Hom(Z",Z™) ^ 7W„x«(Z) 

In terms of the matrix Mo =■ {'mij)i<i<m.i<j<n the homomorphism D is then 
given by 

n 

D{h, ...,<„) = (t'l, ... , O where = [] • 

1=1 

The above isomorphisms are compatible with composition of homoniorphisms 
D e Hom(r, T'),!)' e Hom(r',T") on the left side and multiplication of matrices 
M e A^mxn(Z), M' G AAn,r{'^) On the right side, where T" is another split torus 
and r = rkT". That means that Md'oD = Md ■ Mw- 

Let y be a vector space equipped with a decomposition V = 0™ ^ Vi. We call 
V a graded vector space and associate to V the torus Ty C GL(y) consisting of 
those linear automorphisms which are a (non-zero) multiple of the identity on each 
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Vi. We identify Ty with G™ acting on K{V) by 

{ti, . . . ,tm){vi, ■ ■ ■ ,Vm) = {hVl, ■ ■ ■ ,tjnVm)- 

Let W = ® J=i Wj be another graded vector space and Tw ^ GL{W) its associated 
torus. Let D e llom{Tv , Tw) ■ A rational map if. A{V) --^ A{W) is called D- 
multihomogeneous if the diagram 

(1) Tv X A{V) — — ^ A{V) 

I I 

Dxipl W 

Tw X A(l^) — — ^ A{yV) 

commutes. The map ip is called multihomogeneous if it is £)-multihomogeneous for 
some D G }iom{Tv,Tw)- In terms of the matrix Md —: (rnij)i<i<m.i<j<n this 
means: 

(2) fjiVl, ■ • ■,SVi, . . .,Vm) = S"^'^ipj{vi, . . . ,Vm), 

for all i and j, as announced in the introduction. 

Example 1. Let V = Vi be a graded vector space. If hij G k{Vi)* for 

1 *j j a-re homogeneous rational functions of degree G Z then the map 

Iph - A{V) A(V), V ^ (/lll(wi) . . ■hml{Vm)vi, . . . . . . hmm{Vm)v„i) 

is multihomogeneous with degree matrix equal to AIjj — (r.ij + (5ij)i<ij<m- 

Let ip: A{V) --^ A{W) be a multihomogeneous rational map. If the projections 
ipj of ip to A{Wj) are non-zero for all j, then the homomorphism D G Hom(ry, Tw) 
is uniquely determined by condition We shall write D^p, X^p and for D, 
X{D) and M^j, respectively. If ipj = for some j then the matrix entries of 
can be chosen arbitrary. Fixing the choice m^j = for such j makes with 
the property ^ and the corresponding with the property ([T]) unique again. 
This convention that we shall use in the sequel has the advantage that adding or 
removing of some zero-components of the map ip does not change the rank of the 
matrix Af^. 

Given an arbitrary rational map ip: A{V) A(W) we will produce a multiho- 
mogeneous map H\{ip) : A{V) A{W) which depends only on cp and the choice of 
a suitable one-parameter subgroup A G Hom(Gm,r\/). In section [3] this procedure 
will be applied to covariants for a group G. 

Let v. k{V X k) — k{s){V) ^ Z U {00} be the discrete valuation belonging to 
the hyperplane A{V) x {0} C A{V) x A^. So iy{0) = 00 and for / G /c(V x fc) \ {0} 
the value of I'if) is the exponent in which the coordinate s appears in a primary 
decomposition of /. Let Os C k{V x k) denote the valuation ring corresponding to 
v. Every f G Og can be written as / = ^ with polynomials p, q where s \ q. For such 

/ we define hm/ G k{V) by (lim/)(u) — ^l^'^j on the dense open subset in A{V) 
where g(u, 0) 7^ 0. It is non-zero if and only if v{f) = 0. Moreover v{f — lim/) > 
where lim / G k{V) is considered as element of k{V x k). This follows from writing 
(/-lim(/))(w,s) as 

V{v,s) _ p(«,0) ^ p{v,s)q{v,{)) - q{v,s)p{v,Q) 
qiv,s) q{v,0) q{v,s)q{v,0) 
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noting that s does not divide the denominator, but s divides the numerator since the 
numerator vanishes on the hyperplane A{V) x {0} C A{V) x A^. This construction 
can easily be generahzed for rational maps ip: A(y) x A-'^ — ■»■ A{W) by choosing 
coordinates on W. So ior ip — {fi, . . . , fd) where d = dim and fi, . . . , fd G Og 
we shall write \imip for the rational map (lim /i, . . . , lim fd) : A(V) A{W). One 
may check that this definition does not depend on the choice of the basis of W. 
Let A e Hom(Gm, Ty) be a one-parameter subgroup of Ty. Consider 

A(y) X G„ — * A(H^), {v,s) ^ ip{X{s)v) 

as a rational map on A{V) x A^ . For j = 1 ... rn let aj be the smallest integer 

d such that all coordinates fimctions in s'^ifj are elements of Og- Actually that 
works only if (fj ^ 0. Otherwise we choose aj = 0. Let A' G ilom{Gm,Tw) be 
the one-parameter subgroup corresponding to a, i.e. A'(s) = {s"^, . . . , s"") G Tw 
for s e G,n. Then for X'{s)ip{v,s) = X' {s)ip{X{s)v) considered as a rational map 
A{V) X A^ A{W) we can take its Hmit: 

Hx{(f) = lim {{v, s) ^ X'(s)(f{X{s)v)) : A{V) A(W). 

The limit H\{ip) = {Hx{(p)i, ■ ■ ■ , H\{ip)n) depends only on ip and the choice of A. 
By construction we have for j = 1 . . . n: {Hx{(p))j if and only if (fj ^ 0. 

It is quite immediate that H\{ip) is equivariant with respect to the homomor- 
phism of tori X{Gm) X'{Gm) which sends A(s) to A'(s~^). However, to get equiv- 
ariance for the full tori Ty and Tw we have to choose the one-parameter subgroup 
A carefully. In any case we have the following 

Lemma 3. For any one-parameter subgroup X G liom{Gm, Ty) we have 

dim H\{ip) < dimLp. 

Proof. Choose a basis in each Wj and take their union for a basis of W. Let d = 
dim W and write <f = {fi,. . . ,fd) with respect to the chosen basis, where fj G k{V). 
Then Hx{(p) is of the form (lim/i, . . . ,lim/d) where each fj £ Og C k{V x k) is 
given by 

fj{v,s) = s''^f{Xis)v) 
for some jj G Z. Choose a maximal subset S = {ji, ■ ■ ■ ,ji} of {1, . . . ,d} with the 
property that lim/j^, . . . ,lim/j, arc algebraically independent. It suffices to show 
that fj^ , . . . , fj^ are then algebraically independent, too. Without loss of generality 
ji = = I. 

Assume that /i, . . . , /; are algebraically dependent. Let p G k[xi,. . . ,xi] \ {0} 
with p{fi, . . . , fi) = 0. Since the algebraic independence implies lim/j for 
j = 1 . . .1 we have v{fj) — 0. Set 7 = (71, . . . , 7;) and write p in the form 

p = where Pi = ^ C/jX^^ • ' • a;f' • 

Let d = min{i G Z | 3/3 G : /3-7 = -i, C/3 ^ 0}. That implies 7^ 0. For j = 1 . . . Z 
there exists 5j G Os C k{V x k) such that fj — lim fj = s6j. By construction, 

= s-Mh, mKs)v) = s-Ms-^'fi, s-^^mv) 

= s-'^p{s-'^' (lim A + sSi), . . . , s-^' (lim /; + sSi)) (v) 
= Pd( lim A, . . . , lim /;) (u) s/i(u, s). 
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where h ^ Os- Taking the hmit shows pc;(hm/i, . . . ,hni/() = 0, which concludes 
the proof. □ □ 

Now the goal is to find a one-parameter subgroup A G Hom(Gm, Ty) such that 
H\{(p) becomes multihomogeneous. We can assume that cpj ^ for all j. Write (/? 
in the form = . . . , '(/'«) where each ^/ij : A(F) A(Wj) is regular and / £ 

k\y\. The space Mor(F, Wj) of regular maps A(F) — > A(H/'j) carries a representation 
of Ty where Wj is equipped with the trivial action of Ty . It decomposes into a direct 
sum Mor(V", W^) = 0Mor(F, Wj)^ taken over aU x & X{Tv), where 

MoT{V,Wj)^ = {Tpe MoT(y,Wj) I ij{t-^v) = x{t)i'{v) for all teTy,ve A(y)}. 

Thus ipi, . . . jipn can be written as a sum V-'j = where only finitely many 

ipj are different from 0. Similarly / e k[V] — Mor(y, fc) has a decomposition 
/ = X^ with the same properties. Let 

/) = {X e X(ry) I ^ or 3j : 0}, 

which is a finite subset of X{Ty). 

Lemma 4. If T is a split torus and S C X{T) is a finite subset then there exists 
a one-parameter subgroup A G Hom((G,„,T) such that the restriction of the map 
X{T) — » Hom(Gm, Gm), x X ° ^ to S is injective. 

Proof. The claim can easily be shown via induction on the rank r = rkT of the 
torus. Identifying X{T) = 11 ^ Hom(Gm,T) and IIom(Gm, G„i) = Z the above 
map is given by Z*" — > Z, a.^ (a, /3) := X]i=i Q^iAi where [3^1/ corresponds to 
A. □ □ 

We shall write (x, A) for the image of x o A in Z, i.e. x ° M^) — s^^'^^ for s e Gm. 
Now let A be as in Lemma H] where T = Ty and S = S{ip, f). Set -tpo = f. Then 
there are unique characters Xo: Xi: ■ • • ; Xn such that Xj o A is minimal (considered as 
integer) amongst all x ° A for which tjjj ^ 0, for each j = . . .n. Then the rational 

map A(y) X A^ --^ A{Wj) (or A{V) x A^ --^ A^ for j = 0) given by 

X 

= s-<x.^^>^XoA(s)^Aj(«) 

X 

^^S(X-X.,A)^X(^) 
X 

has limit V'j^^ , which implies that H\{ip) = ^^^(V'lS • • ■ iV'^")- Define the homo- 
morphism D G IIom(rv', TV) by 

^ = (XlXo \ • ■ • jXriXo"^)- 

Then H)^{(p){tv) = D{t)Hx{(p){v), showing that Hx{lp) is Z?-multihomogeneous. 

2.2. Existence of minimal multihomogeneous covariants. We now go over 
to the case where the graded vector spaces V = ®™ i Vi and W = ®^=i are 
furnished with a representation of G. We assume that the tori Ty and Tw commute 
with the action of G on 1/ and W, respectively. Equivalently, the subspaces Vi 
and Wj are G-invariant. We will then represent a covariant (p: A{V) A{W) 
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a,s ip — ji}} where -0: h{y) A{W) is a regular covariant and / G fc[l^]''. For 
A e Honi(Tv,Tvy) as in Lemma |4] the rational map Hx{(p): A{V) A{W) is 
then multihomogeneous and has dimension dim Hx{ip) < dimip. Moreover, H\{ip) 
is again a covariant, since the weight spaces Mor(y,W})^ and Mor(y, fc)^ are G- 
stable, so for j = 1 . . . n the maps ip^ and in particular ip^' are covariants for G 
and the functions and in particular are invariants. In general H\{ip) does 
not have to be faithful if Lp is. However: 

Lemma 5. IJ the representations Wi,...,Wn are all irreducible, then H\{p) is 
faithful as well. 

Proof. Let Nj and N'^ denote the stabilizer of the image of the generic point of 
Pj and Hx(pj), respectively. It suffices to show Nj = N'^ for j = 1 . . . n. If pj is 
zero then H\{ipj) = as well and Nj = G = Nj. In the other case both maps are 
nonzero and their images are G-stable subsets of Wj (g) k{V) spanning Wj (g) k{V) 
linearly (since Wj ® k{V) is irreducible). Thus Nj and Nj are both equal to the 
kernel of the action of G on Wj. Again Nj ~ Nj. □ □ 

Thus if we have a minimal faithful covariant (p: A{V) A{W) and W — 
®j=i is a decomposition into irreducible sub-representations, we can always 
replace it by the multihomogeneous covariant H\{p) without loosing faithfulness 
or minimality. 

Note that a completely reducible faithful representation W does not exist for 
every choice of G and k. For example if A: = fc and the center of G has an element 
g of prime-order p, then g acts as a primitive p-th root of unity on some of the 
irreducible components of W. That is only possible if charfc ^ p. We use the 
following: 

Definition 3. G is called semi- faithful (over k) if it admits a completely reducible 
faithful representation (over k). 

A criterion for a group to admit a completely reducible faithful representation 
with any fixed number of irreducible components was given by Shoda [Sh30j (in the 
ordinary case) and Nakayama [Na47j (in the modular case) . In particular Nakayama 
obtained |Na47[ Theorem 1] that G is semi-faithful over a field of char A: — p > 
if and only if it has no nontrivial normal p-subgroups. One direction follows 
from Clifford's theorem which says that the restriction of a completely reducible 
representation to a normal subgroup is again completely reducible and the fact that 
the only irreducible representation of a p-group in characteristic p is the trivial one. 
For the other implication see Lemma [TH Therefore we get the following 

Corollary 6. // either char A: = 0, or charfc = p > and G has no nontrivial 
normal p-subgroup, there exists a multihomogeneous minimal faithful covariant for 
G. 

2.3. Multihomogeneous invariants. Let V = 0™ ^ 1^ be a graded vector space. 
An element / G k{V) is called multihomogeneous if it is multihomogeneous regarded 
as a rational map A{V) A^. Let G be semi-faithful and V a faithful completely 
reducible representation. The non-zero multihomogeneous invariants form a group 
under multiplication, denoted by Mg{V)- It is a system of generators for the field 
kiy)'^ of invariants. 
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Definition 4. The degree module DMg{V) of V is the submodule of X(Ty) ~ 
formed by the degrees of multihomogeneous invariants, i.e. the image of the group 
homomorphism deg: A^gC^) — * ^{Tv), f > -D/(IdG^). Equivalently it is the 
image of the group homomorphism 

H X((G„) ^ X{Tv) 
fes 

induced by the homomorphisms X{Df) : X{Grm) — >■ X{Tv), where S C A4g{V) is 
any finite subset whose degrees generate T>Mg{V). 

Definition 5. The central subgroup 

Z{G,k) := {<? € Z(G) I Cordg e fc} 

of G is called the k-center of G. 

The fc-centcr of G is the largest central subgroup Z for which k contains a 
primitive root of unity of order expZ. The groups Z(G,k) and X{Z(G,k)) = 
Hom(Z(G, fc), Gm) are (non-canonically) isomorphic. The elements of Z{G,k) are 
precisely the elements of G which act as scalars on every irreducible representation 
of G over k: 

Lemma 7. Let V = ©™ ^ Vi be any completely reducible faithful representation. 

Then pviZ{G,k)) ^TvnpviG). 

Proof. Since both sides are abelian groups it suffices to prove equality for their 
Sylow-subgroups. Let p be a prime {p ^ char/c) and g G Z{G) be an element of 
order p^ for some Z € Nq. We must show that the following conditions are equivalent: 

(A) g acts as a scalar on every Vi 

(B) Cp' e k. 

Since V is faithful the order of g equals the order of p{g) s GL(V'), hence the first 
condition implies the second one. Conversely let p" : G GL{Vn) be any irreducible 
representation of G. Then the minimal polynomial of p"{g) has a root in k since it 
divides T'' — 1 G k[T] which factors over k assuming the second condition. Hence 
p"{g) is a multiple of the identity on V. In particular this holds for G — »■ GL{Vi), 
proving the claim. □ □ 

Degree module and the fc-center of G are related as follows: 

Proposition 8. The sequence Mg{V) ^ X{Tv) X{Z{G,k)) ^ 1 is exact 

and in particular X{Tv)/ miGiV) ^ XiZ{G,k)) ^ Z{G,k). 

Proof. Choose a finite subset S C Mg{V) such that the degrees of S generate 
DMg{V). We may replace the homomorphism deg: A^g(V') — > X{Tv) by the ho- 
momorphism X{Ylf^s'^'^) ~^ X{Tv), since they both have image T)Mg{V). Now 
the claim becomes equivalent to exactness of the sequence 

l^Z{G,k)-*Tv^l[Gm. 

fes 

Exactness at Z{G, k) follows directly from faithfulness of V. Denote by Q the kernel 

of the last map, which is the intersection of the kernels of the maps Df : Ty — > Gm 
taken over all multihomogeneous invariants f & S. Clearly pv{Z{G,k)) C Q 
because / is G-invariant. On the other hand let G be the subgroup of GLiV) 
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generated by pv{G) and Q. Then Mg{V) = Mq{V) and therefore k{V)^ = 
A;(y)Pv(G) ^ k{V)^. This can only happen if pv{G) = G. By Lemma [7] this imphes 
Q = Pv{Z{G,k)), showing the claim. □ □ 

Let Lp — {ipi, . . . ,(pn): A(y) A{W) be a faithful multihomogeneous co- 
variant and let /i, . . . , /„ S Mg{V) be multihomogeneous invariants. Then ip — 
(fiipi, . . . , fnipn): A(V") --^ A(T4^) is again a faithful covariant. That induces an 
action of the group A^g(^)" on the space mCov(y, W) of multihomogeneous co- 
variants A(y) A{W), which respects faithfulness. Furthermore we get an action 
of Mg{V)" on the set S = {X^: e mCov{V,W)} C Hom(X(riy), X(Ty)) 
of all degrees associated to multihomogeneous invariants. We will identify the 
group Mg{V)'^ with the group }ioin{X{Tw), Mg{V)) by associating to an element 
7 G RomiXiTw),MG{V)) the n-tuple G Mg{V) where /, = jixj) 

for the standard basis of X{Tw) formed by the characters Xj'- ~^ Gimit = 
(ti, . . . , t„) <—>■ tj. Then the action on degrees is given by 

lioui{X{Tw),MG{V)) xS^S, 

{j,s)^{js:X{Tw)-^X{Tv) 

X ^ (deg7(x)) • s(x)- 

From Proposition [8] we get 

Corollary 9. The group Hom(X(Tiv), A^g(^)) ^cis transitively on the set S of 

all degree matrices associated to multihomogeneous covariants. 

Proof. Let s,s' ^ S and choose (p, p' £ mCov(y, W) such that s — X^ and s' ~ X^pi . 
Define D e RomiTv.Tw) by D{t) = D^{t)D^,{t-^) for t e Ty. Then D{z) = 1 
for all z e pv{Z{G,k)), since and D^' are both the identity on pv{Z{G,k)). 
By Proposition[8]this is equivalent to saying that X{D) e Hom(X(Tvi/), DMg(F)). 
Therefore -'^'(i?) conies from some homomorphism 7 e Hom(X(Tvi/), A^g(1^))- By 
construction 7 s' = s, finishing the proof. □ □ 

Let (p: A{V) A{W) be a faithful multihomogeneous covariant. Let £ N be 
the greatest common divisor of the entries of the elements of imX{D^) C X{Ty) = 
Z™, where m = dimTy. Then N-^X{D^): X{Tw) ^ X{Tv) is well defined and 
its image has a complement in X(Tv). We distinct between two types of elements 
ofIlom{X{Tw),MG{V)) relative to p: 

Definition 6. A homomorphism 7: X{Tw) — > Mg{V) is called of 

• type I relative to p if it factors through N^^X{D^p) : X{Tw) X{Tv), i.e. 
if there exists a commutative diagram of the form 

X{Tw) Mg{V) 




X{Tv) 

• type II relative to p if the image of 7 equals the image of kei X(Dip) ^ 
X{Tw) ^ Mg{V). 

Proposition 10. Every homomorphism 7: X(Tw) —>■ MgIV) decomposes uniquely 
as^ = a-j3 where a: X{Tw) — > A^g(V^) is of type I relative to pi and /?: X{Tw) —> 
Mg{V) is of type II relative to ip. 
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Proof. Uniqueness follows from the fact that the composition 

kcTX{D^) ^ X{Tw) X{Tv) 

is trivial. It remains to fincl a decomposition for 7. Choose decompositions X{Tw) = 
kerX(£><^) A and X{Tv) = imN-''-X{D^) B. Define the homomorphisms 
a,p:X{Tw)^MGiV) by 

a|kerX(D^) = 1, P\kciX{D^) = l\kerX{D^) and Q!|a = tU, /^U = 1- 

Clearly /3 is of type II relative to and a/3 = 7. 

Note that the homomorphism N~^X{D^): X{Tw) X{Tv) induces an iso- 
morphism from A to its image in X{Tv). Thus wc may define e : X{Ty) AiciV) 
by £\b = 1 and e{N~^X{D^){x)) = 7(x) fo^^ X ^ ^- This shows that a is of type I 
relative to </3, finishing the proof. □ □ 

In the sequel the following Lemma will be useful: 

Lemma 11. If 7 is of type I relative to (f then {-fip){y%) C (p(V^) and in partic- 
ular dim(7(/5) < dim(/9. For arbitrary 7 the dimension of -yip is at most dimt^ + 

(rk XiTw)-TkM^). 

Proof. Let 7 be of type I relative to ip. Hence there exists e: Ty ^ Mg{V) such 
that 7 = e o N~^X{D^). We have rational evaluation maps ev^: h.{V) Tw 
and cv^ : h.{V) Ty, such that ev-y(w) = {fi{v), . . . , fn{v)) where fj is the image 
of the j-th standard basis vector under 7 in A^g(V), and similiarly for e. Now 
let ?; G such that ev^ and if are defined in v. Choose t e Tyik) such that 
t^f = ev£(w). Then one checks easily that ev^(w) = D^{t), whence 

= ey^{v)ip{v) = D^{t)ip{v) = ip{tv). 

This proves the first claim. 

The second claim follows from the first , since the image of ker X{D^) ^ X {Tw ) - 
MaiV) is generated by r := rk(kerX(£)^)) = rkX{Tw)--rkM^ functions. □ □ 

3. Properties of multihomogeneous covariants 

3.1. The rank of the degree-matrix of a multihomogeneous covariant. Let 

G be semi- faithful and V — ®™ 1 Vi,W = Wj be two faithful representations 

of G. For a faithful multihomogeneous covariant (p: A{y) — * A{W) we will prove 
the following interpretation of the rank of the degree-matrix M^: 

Theorem 12. Let ip: A{V) — ■> A(W^) be a faithful multihomogeneous covariant. 
Assume that Wi, . . . , Wn are irreducible. 

cdimfe G - rk Z{G, k) < dump - rkM^. 

// furthermore Vi, . . . ,Vn are irreducible then 

ikM^ > rk Z{G,k) 

with equality if ip is minimal. 

Proof. Let Z := Z(G,k). We first prove the second inequality. Since ip is at the 
same time equivariant with respect to the tori- and G-action gip{v) = f{gv) = 
(Dipg)Lp(v) for g € Z. Thus the map D^p is the identity restricted to Z. This implies 
Z = D^{Z) C D^{T), whence rkM^ = dim£)^(T) > rkZ. The first inequality 
follows from the following: □ □ 
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Proposition 13. Let ip — {tfi,...,(pn)- ^{V) A{W) be a faithful rational 
multihomogeneous covariant. Assume that each Wj in the decomposition of W is 
irreducible. IfrhM^ > TkZ{G, k) there exists a sub-torus S C D^lTy) of dimension 
rkM^ — rkZ(G, fc) and a G-invariant open subset W' C A{W) on which D^(Tv) 
acts freely such that the action of G on the quotient (im(p fl W')/S is faithful. 

Proof Let Z := Z{G, k). The torus D^{Tv) has dimension d rkA/^ > r := rkZ. 
By the elementary divisor theorem there exist integers ci , . . . , > 1 and a basis 
Xi, . . . , Xd of X{D^{Tv)) such that 

r d 

Z= pjkerx? n Pi kerxj. 

i—l j—r+1 

Set S :— nl=i kerxi- This is a subtorus of D^(Tv) of rank d — r = rkAI^p — rkZ 
with SnZ ^ {!}. 

Let W := n"=i where := A(Wj) \ {0} if ip^ ^ and A(T4^j) 
otherwise. Our convention that {M^)ij ~ if (pj = imphes that D^{Tv) (and 
therewith S) acts freely on W. Let X := im{p) and set X' := X n W. Let 
tt: A(Vt^) --^ W'/S be the rational projection map. The kernel of the action of 
G on X' / S is contained in Z{G^ k) by the next lemma. Since Z{G^ k) n S — {e} 

it is trivial. Hence the rational map A{V) X — ^ X'/S is a compression and 
edimfc G < dim X'/S = dim X - dim S = dim - (rk - rk Z) . □ □ 

Lemma 14. Let (^: A(y) A{W) be a faithful multihomogeneous covariant. Let 
P n IP(^j) X n H^j) o,nd tt: A{W) P the obvious G-equivariant 

rational map and let X := iiaip. Then the kernel Q of the action of G on tt{X) 
equals Z{G, k). 

Proof. The elements of the /c-center Z{G,k) act as scalar on A{Wj) for each j. 
This implies that Z{G, k) is contained in Q. Conversely let g £ Q and fix some 
j G {1, . . . ,n} with ipj ^ 0. We want to show that g acts by multiplication of a 
(fixed) scalar on Wj. From this the inclusion Q C Z{G, k) follows, since ^j.^.-^Q Wj 
is already a faithful completely reducible representation of G. 

Let Y C A{Wj) denote the projection of Xn W' to A{Wj). Since g acts trivially 
on 7t{X) there exists for every field extension k' /k and y £ Y{k') some Xy G Gm{k') 
such that gy = Xyy. Since g has only finitely many eigenvalues ai, . . . , G Gm(A:) 
the same holds for its closure Y. Moreover since Y is irreducible the scalar A :— Xy 
does not depend on y. Since (pj ^ the variety Y contains a non-zero /c(l/)-rational 
point j/o- By irreducibihty of Wj ® fc(V^) the set {(/'yo | 5' G G} spans Wj ® kiy") 
as a fc(y)-vector space. It follows that g acts by multiplication of A on Wj ® kiV), 
hence in the same manner on Wj , which completes the proof. □ □ 

To illustrate the usefulness of the existence of minimal faithful multihomogeneous 
covariants and Lemma [14] we give a simple corollary. Its first part was already 
established in |BR97[ Theorem 6.1]. 

Corollary 15. Let A be abelian and assume that k contains a primitive root of 
unity of order exp A. Then 

edimfc A — ikA. 
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If G is semi- faithful and if cdimk G < rkZ(G, fc) + 1, then G is an extension of a 
subgroup o/PGL2(fc) by Z{G,k). 

J/edini/c G < TkZ{G, k) then G ~ Z{G, k), hence abelian with CoxpG G k. 

Proof. The inequality edim^. ^ < rkA is easy to see, because A has a faithful repre- 
sentation of dimension rk^. Let be a completely reducible faithful representation 
of G and let (p: A{V) A(V) be a minimal faithful multihomogeneous covariant 
of G. We may assume that cpj ^ for all j. The group G/Z{G^ k) then acts faith- 
fully on the image of TVy o ip: A{V) A{V) P{V), which has dimension at 
most dim (p-rk Z{G, k) = edim^ G - rk Z{G, k) <l. Thus G/Z{G, k) embeds into 
PGL2(A:). Now if edim^ G < rk Z(G, k) then edimfe G = rk Z(G, k) and the image 
of TTv o ip> must be a point, whence G — Z{G, k). □ □ 

Remark 1 . The second part of Corollary [15] can be used to classify semi- faithful 
groups with edinife G — rkZ(G, fc) < 1. For example if edimj, G < 2 and ^(G, k) is 
nontrivial one should obtain with the arguments of [KS07[ section 10] that G ^ 
Glj2{k). We haven't checked that in detail, but one observes that the additional 
possibilities for subgroups of PGL2(fc) arising in positive characteristic are not semi- 
faithful. 

3.2. Behavior under refinement of the decomposition. Let V — ®™ i Vi 

be a graded vector space. For each i let Vi = ®feLi ^ifc be a grading of Vi. We 
call the grading V = ■ Vik a refinement of the grading V — 0,- Vi . Let ip = 
. . . , pn) ■ A{V) A{W) be a multihomogeneous rational map. We consider 
refinements both in V and inW = 0"^i Wj where Wj = 0^ii Wji, and study the 
behavior of the rank of the degree matrix. Set d = X^I^i ^^'^ ^ ~ ^i- 

Proposition 16. (A) Refinement in V : Let X be a one-parameter subgroup of 
Ty = such that H\{p) : AiV) h{W) is multihomogeneous w.r.t. the 
refined grading on V and the old grading on W . Then 

TkMH^(^) > rkM;^. 

(B) Refinement in W: The map p can be considered as a multihomogeneous 
map p' : A{V) — > A{W) with respect to the gradings V = 0^ Vi and W = 
0^-; Wji , where 

rkM^/ = rkM^. 

(C) Refinement in both V and W: Consider p>' as above and let X be a one- 
parameter subgroup of Ty = G„j be such that Hx{p'): A{V) A{W) is 
multihomogeneous w.r.t. the refined grading on both V and W . Then 

Proof (A) Let (a,j) = e 7W™,„(Z) and ibik,j) = Mh^(^) G MdA^) 
be the degree matrices of p and H\{p), respectively. Since H\{p) is still 
multihomogeneous with respect to the old decomposition of V we have 
SfcLi bik,j = Oij for i = 1 . . . m and j = 1 . . .n. Therefore the span of the 
rows of Mh^(ip) contains the span of the rows of Af^. Hence TkMff^(^^) > 
ikM^. 

(B) The maps pji: V ---> Wji are still multihomogeneous of the same degree 
as pj : A{V) A{Wj), as long as they are non-zero. If pj is non-zero 
then also one of the pji for I = l...ej. Recall that by convention the 
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matrix entries for zero-components are zero, so that they do not influence 
the column span of the matrix. Thus the column span of M^p equals the 
column span of M^/ and hence rk = rk M^pi . 
(C) follows from {A) and {B). 

□ □ 

4. Completely reducible faithful representations 

4.1. Minimal number of irreducible components. In this section we will com- 
pute the minimal number of irreducible components of a faithful representation of 
any semi-faithful group. As a consequence we obtain a characterization of groups, 
which have a faithful representation with any fixed number of irreducible compo- 
nents. Groups admitting an irreducible faithful representation over an algebraically 
closed field of characteristic have been characterized in [Ga54| . A criterion for a 
group to admit a faithful representation with any fixed number of irreducible com- 
ponents was given by Shoda |Sh30| (in the ordinary case) and Nakayama |Na47| 
(in the modular case). Their criterion is formulated in a way quite different from 
Gaschuetz's and our characterization. 

Definition 7. A foot of G is a minimal nontrivial normal subgroup of G. The 
subgroup of G generated by the (abelian) feet of G is called the (abelian) socle of 
G, denoted by soc(G') (resp. soc^'^(G')). 

By construction soc(G') and soc'''^(G) are normal. The following Lemma is well 
known and a generalization to countable groups can be found in [BH08j . 

Lemma 17. soc(G) — soc^'^(G) x A^i x • • • x Nr, where Ni,...,Nr are all the 

non- abelian feet ofG. 

For a ZG-module A denote by rkas(^) the minimum number of generators: 

rk^{A) := min {r G No | 3ai, . . . ,ar £ A : {ai, . . . , ar)^ ^ A} G Nq. 

Proposition 18. Let G be a semi- faithful group. Then the minimal number of 
factors of a decomposition series of a faithful representation of G over k equals 
rkas soc^''(G) ifsoc^^{G) ^ {e} and 1 ifsoc^^{G) is trivial. Moreover the minimum 
is attained by a completely reducible representation. 

We start with a lemma explaining how to pass from arbitrary to completely 
reducible representations. 

Lemma 19. Let V be a faithful representation of G and J-— V — Vi^V2^---^ 
Vr 2 K +1 — {0} be a G-stable flag. Assume that char A; — p > 0. If G does not 
contain a nontrivial normal subgroup of p-power order then the associated graded 
representation gr-p V — Vi/Vi-^-l is faithful as well. In particular such a group 

G is semi-faithful (over k). 

Proof. It is well known that an element of finite order in a unipotent group in 
characteristic p has p-power order. Therefore the kernel of the representation gr^ V 
is a normal subgroup of G of p-power order, which by assumption must be trivial. 
The last statement follows from taking for a decomposition series. □ □ 

For the proof of Proposition [T51 we work with two lattices: Set A := soc'''^(G) 
and let A* :— Hom(y4, A:*) denote its group of characters over k, which is again a 
ZG-module by endowing k* with the trivial G-action. Denote by L{A) and L{A*) 
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the lattices of ZG-invariant subspaces of A and A* , respectively, where the meet- 
operation is given hy BnC and the join-operation hy B ■ C. 

Lemma 20. Assume that either char k = or char k = p> and p]\A\. 

(A) The map 

a: L{A*) ^ L{A), C ^ {a G A \ £{a) = 1 e £} 

yields an anti- isomorphism ofL{A*) andL{A) with inverse given hya~^{B) = 
{l&A* \t{a) = lMaeA}. 

(B) There exists a (nan- canonical) isomorphism of lattices 

p: L{A)^L{A*) 

which preserves size, i.e. \P{B)\ = \B\ for all B G L{A). 

(C) Tk^^M) = TkjaiA*). 

Proof. (A) The proof is straightforward. 

(B) The ZG-module A is semi-simple by construction and thus decomposes into 
isotypic components. Every submodulc of A is isomorphic to the direct sum 
of its intersections with the isotypic components and it suffices to show the 
claim for every isotypic component of A. Thus assume A = (F^)"* (g) V for 
some prime q ^ char fc, some natural number m and some irreducible ¥qG- 
module V, where (Fg)™ is equipped with the trivial action of G. Hence 
we may identify A* = (F,)™ F*. Every ZG-invariant subgroup of A 
is now of the form W (E) V for some sub vector-space W C F™ . Define 
j3: L{A) L{A*) by P{W (S) V) = W (S) V* . Then j3 is an isomorphism of 
lattices and preserves size, since the assumption \A\ implies = |y|. 

(C) Let Er C A for r £ N denote the (possibly empty) set of generating r-tuples 
of the ZG-module A and let max(L(A)) be the set of maximal non-trivial 
elements of L{A). The two sets are related by: 

Er = A''\ y W. 

Memax(I,(A)) 

Similarly for E* C A* and max[L{A*)) defined correspondingly with A* in 
place of A we have 

e; = {A*Y \ \J r 

£emax(L(A*)) 

= (/3(A)r\ y (/3(M)r 

Memax(L(A)) 

We claim for any r that \Er\ = \E*\. This implies in particular that A is 
generated by r elements if and only if A* is, hence ik^siA) = rkas (>!*). The 
claim follows from part (B) and the exclusion principle, which says that for 
subsets Yi, . . . ,Yt of a set F we have 

\Y\uUY,\ = \Y\-f2i-^r' E l^^in.-.ny.J 

□ □ 



For the case that k is not algebraically closed, we need to deal with irreducible 
representations which are not absolutely irreducible: 
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Lemma 21. (A) Let q ^ char/c be a prime and A be an elementary abelian 
q-group. Then each non-trivial irreducible representation of A (over k) is 
isomorphic to a sub-representation of 

[cGA/kcrx aSC CGA/kerx J 

where x G Hom(74, k*), x 1- 
(B) Let A — ®™ 1 Aq. where gi, . . . , ^ charfc are distinct primes and Aq. is 
an elementary abelian qi group. Then every irreducible representation V of 
A is an exterior tensor product of irreducible representations of Aq-^ , ■ ■ ■ , Aq^ . 
Let XIt ■ ■ tXt be the characters appearing in V ®k k. Then {xi, ■ ■ ■ , Xr) = 
{Xi) for every i — 1 . . .r. 

Proof. (A) It suffices to show that the group algebra kA decomposes as 

{x)CHom(A,fe') 

where we set V^^^ = ^X^oga'* ^'^^ X = 1j which has dimension one. Let 
n := dimpg A. There are precisely nontrivial subgroups of the form 

(x) and the corresponding subspaces V^^) all have dimension q—1. Since {q— 
1) • '^qZi + 1 ■ 1 = = 1^1 = dimj, kA it remains to show that the subspaces 
form a direct sum, for which we may pass to an algebraic closure. 
Consider the elements •= Sog^i x(o~"^)a S kA for x S Hom(A, fc*), 
which are fc-linearly independent. Then V^^) (8) k has fe-basis e^, • ■ ■ j^x""^ 
for X 7^ 1 and V(i) has basis Eq. That shows the claim. 
(B) Writing kA = kAq^ ® - ■ - ^ kAg^ the first claim follows from the fact that the 
group algebras kAq. are of coprime dimensions. The second claim follows 
now from the description in (A), noting that the representation V(^-^^ has 

character X]?=i x'- 

□ □ 

The following lemma contains the crucial observation for our study of faithful 
representations. 

Lemma 22. Let V — ^'^ representation of G with each Vi irreducible. 

Let A := soc'''^(G) and choose for every i some character Xi G A* appearing in 
VilA'Si k. Then V is faithful if and only if the characters xi, ■ ■ ■ , Xm generate A* as 
a "LG-module and no nonabelian foot of G is in the kernel of V . 

Proof. Let C := {xir-' ,Xm)-LG G L{A*). Assume that C ^ A*. Let a be the 
lattice anti-isomorphism from Lemma EOT Al and set B := a{C) C A, which is then 
a non-trivial normal subgroup of A contained in the kernel of each Xi and of any 
power of Xi- Let Wi be any irreducible sub-representation of V^Ia containing the 
character Xi- By Lemma [2T] Wi ®k = ^ for some aij G N. Therefore B acts 
trivially on Wi. Now since Vi is irreducible, Vi = '^g^Q gWi as vector spaces. For 
b E B and w £ Wi we have bgw = g{g~^bg)w = gw, since B is normal. Thus B 
acts trivially on V. Hence V is not faithful. 

Conversely assume that V is not faithful and no noabelian foot of G is in the 
kernel of V. Hence some abelian foot B is in the kernel of V. This implies that B 
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lies in the kernel of each Xi, whence in the kernel of each element of C. This implies 
that £7^ A*. □ □ 

Now we are ready for the proof of the proposition. 

Proof of Proposition I : Recall that a group admitting a nontrivial normal sub- 
group of p-power order is not semi-faithful in characteristic p. From now on assume 
that p\ \A\ where A := soc'^^{G). 

" >" Let F be a faithful representation of G over k. We want to show that the 
number of factors of a decomposition series of V is at least the maximum of 
ikja{A) and 1. Clearly it is at least 1. By Lemma [T9l we may assume that V 
is completely reducible. Lemma [22] implies that the number of irreducible 
components of V is at least rkaG'(^*), which equals rkaG(yl) by Lemma 

"<" We must construct a faithful representation V over k with at most rkas(A) 
irreducible components if A is non-trivial, and a faithful irreducible repre- 
sentation V over A: if A is trivial. We first reduce to the case of k being 
algebraically closed: Assume that Vi is a decomposition of a faithful 

representation into irreducible representations over k. For each i take any 
irreducible representation over k which contains 1^ as a decomposition 
factor over k. Then ® is a faithful representation over k and has the 

same number of irreducible components. 

Let Ni, . . . ,Nt be the non-abclian feet of G. By Lemma [T71 the socle of G 
decomposes as soc G ^ Ax NiX . . .x Nt - For each i, since Ni has composite 
order it has a nontrivial irreducible representation Wi. The (exterior) tensor 
product W := Wi ® • • • (g) VFf is then irreducible (since k = k) and does 
not contain any of Ni,--- , Nt in its kernel. If A is trivial this gives an 
irreducible representation of soc G with the property that no foot of G is 
contained in its kernel. Any irreducible representation whose restriction to 
soc G contains W is then faithful. 

From now on assume A to be non-trivial. There exist r := rkjalA*) = 
ikja{A) characters xi, ■ ■ ■ ,Xr oi A which generate the ZG-module A* . For 
every i choose an irreducible representation Vi of G whose restriction to 
socG contains the irreducible representation k^. (g) W. Set V := 0[^i Vi. 
By Lemma [22I the representation V is faithful. Moreover it has the required 
number of irreducible components. This finishes the proof. 

□ □ 

Remark 2. The situation for non-semi- faithful groups is completely different, in so 
far that the abelian socle tells nothing about the number of decomposition factors 
needed for a faithful representation. Take for example the groups Z/p"Z, n > 1, 
whose abelian socle are all isomorphic although for large n these groups need more 
than any fixed number of decomposition factors for a faithful representation. 

Remark 3. More generally let F be any subgroup of Aut(G) containing the inner 
automorphisms. One can define F-faithful representations, F-feet, F-socle, abelian 
F-socle (denoted in the sequel by A^{G)) as in |BH08j and generalize Proposition 
[TSl in the following way: If charfc = or charfc = p > and p \ \A^{G)\ then 
the minimal number of irreducible components of a completely reducible F-faithful 



18 



ROLAND LOTSCHER 



representation of G equals the maximum of rka^ {G) and 1. The proof remains 
basically the same. 

There is the following application: 

Corollary 23. Let rt G N and H C G be a subgroup containing soc^'^(G) and 
assume that H has a faithful representation over k with n decomposition factors. 
If char k \ |soc'''^(G)| then G has a faithful representation with n decomposition 
factors as well. 

Proof. This is a consequence of the following Lemma [24l together with Proposition 
[T8l Observe that char/c \ |soc^'^(G)| implies that charfc \ \soc^^{H)\, hence both 
groups are semi-faithful. □ □ 

Lemma 24. If H C G is a subgroup containing soc^'^(G) then ik^soc^^{II) > 
vkjcsoc^^'iG). 

Proof. Let hi, . . . ,hr generate soc^^{H) as a ZiJ-module, where r = rkzf/(soc^'^(iJ)). 
Let N be an 77-invariant complement of soc^'^(iJ) n soc^'^(G) in soc^'^(i?). Write 
— {giiiT-i) where Hi € N and gi S soc^'^(i7) n soc'''^(G). Then gi,...,gr gen- 
erate soc'*'^(i?) n soc^'^(G) as a Zi7-module. We show that gi,...,gr generate 
soc^'^(G) as a ZG- module, which gives the claim. Let A be any abelian foot of 
G. By assumption A C soc^''(G) C H. Let i? C A be a 77-foot. By construction 
B C soc'^'^(i7) n soc^'^(G), which is generated by gi, . . . , 5,. as a module. Since 
A is minimal, the ZG-module generated by B equals A. Hence A is contained in 
the ZG-module generated by gi, . . . ,gr. Since this holds for every abelian foot A of 
G the claim follows. □ □ 

There is a simple lower bound on the number of irreducible components needed 
for a faithful representation, namely the rank of the center of G. Since representa- 
tions for which the bound is reached are of some special interest later, we give it a 
name: 

Definition 8. A faithful representation V oi a, semi-faithful group G is called 
saturated if it is the direct sum of rkZ(G) many irreducible representations of G. 

The group G is called saturated if it has a (faithful) saturated representation. 
Equivalently (by Proposition [T8|) : 

rkZ(G) =rkassoc^''(G) > 1. 

It is sometimes advantageous to pass to saturated groups by taking the product 
with cyclic groups of high enough rank: 

Proposition 25. Let £ ^ char/c be any prime number such that Q G k. Assume 
that G has a completely reducible faithful representation V = ©"^j^ Vi, each Vi 
irreducible. Let r be the rank of the £-Sylow subgroup of Z{G). Then V carries a 
faithful representation of G x C^~^ . 

Proof. We proceed by induction on n — r. If n — r = there is nothing to show. 
Otherwise r < n and there exists i G {1, . . . , n} such that no element of G acts by 
multiplication of a primitive ^-th root of unity on Vi and trivially at the same time 
on every Vj for j ^ i. Thus letting Gi act by multiplication of Cp on Vi and trivially 
on Vj for j i yields a faithful representation of G := G x G^ on y. Now apply the 
induction hypothesis to G. □ □ 
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4.2. Minimal dimension of faithful representations. We define the represen- 
tation dimension of G over k as follows: 

Definition 9. rdim^: G := min{dim\^ | V faithful representation of G over k}. 

This new numerical invariant gives an upper bound for edinifc G. In certain cases 
the two invariants of G coincide, e.g. for p-groups when k contains a primitive p-th 
root of unity, see |KM08[ Theorem 4.1]. 

Definition 10. Let A be an abelian subgroup of G and x ^ A* :— Hom(A, k*). 

Tep''^\G) := {V irreducible representation of G \ {V ® k)\A ^ fc^i' 

where k^ is the one-dimensional representation of A over k on which A acts via x- 

To every group G and field k we associate the following function: 

fG,k-- A* ^No, x^ min{diml/ | V G rep('^)(G)}, 

where A = soc'^^{G). 

From Lemma [22] we get the following 

Corollary 26. // the socle C = socG of G is abelian and charfc | \C\, then 



taken over all r lE N and all systems of generators (xi, ■ ■ ■ , Xr) of C* viewed as a 
ZG-module. 

It may happen that every faithful representation of minimal dimension has more 
decomposition factors than needed in minimum to create a faithful representation. 
However in the following situation that doesn't occur and we can describe faithful 
representations of minimal dimensions more precisely. Recall the definition of a 
minimal basis introduced in |KM08| : 

Definition 11. Let C be a vector space over some field F of dimension r e Nq 
and let / : C ^ No be any function. An i^-basis (ci, . . . , Cr) of C is called minimal 
relative to f if 



for i — 1, . . . , r where for i = 1 we use the convention that the span of the empty 
set is the trivial vector space {0}. 

Proposition 27. Let G be a group whose socle G :— socG is a central p- subgroup 
for some prime p and assume char k ^ p. Let V be any representation of G and let 
Vi,V2, ■ ■ . ,Vr be its irreducible composition factors ordered increasingly by dimen- 
sion. Choose characters xi, . . . , Xr G G* = IIom(G, k*) such that Vi £ rep^-^'-'(G). 
Then V is faithful of dimension rdimfe G if and only if r = rhG and (xi, . . • , Xr) 
forms a minimal basis of{G*,fG,k) with fckiXi) — dimV^i. The dimension vec- 
tor (dim Vi, . . . , dim 1^) is unique amongst faithful representations of dimension 
rdinife G. 

Proof. Since p \ \C\ we may replace V by its associated graded representation 
Vi® . . .®Vr without changing faithfulness, decomposition factors and dimension. 
Thus we will assume that V is completely reducible. 




(3) 



min{/(c) I c e G \ (ci, . . . ,Ci_i)} , 
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First assume that V is faithful and rdim/c G = dim V. Then the characters 
Xi, . . . , Xr clearly generate C* and in particular r > rkC. Let j G {0, . . . , r} be max- 
imal such that (xi, . . . , Xr) is part of a minimal basis of G* . We want to show that 
j = r. Assume to the contrary that j < r. Hence there exists x G C** \ (xi: ■ ■ - Xj) 
and W S rep('^^(G') such that dimVF < dimVi for all i > j- By elementary linear 
algebra there exists i > j such that xii • ■ • , Xi-i: Xj Xi+ij • ■ • j Xr generate C* as 
well. Let y := Fi ® • • • Vi_i ®W® V^+i ® • • • V;. Then dim V < dim V and F' 
is faithful, because V is faithful restricted to C and every normal subgroup of G 
intersects G = soc(G'). This contradicts to diml/ = rdinifc G. 

Now assume that (xi, ■ • • , Xr) a-nd (x'l, ■ • • , Xr) form two minimal bases of C* . 
We show that fckixi) = fG,k{Xi) for alH = 1 . . . r. Let j G {0, . . . , r} be the last in- 
dex where {foAxi), fcAXj)) and {fcAx'i), faAx'j)) coincide. Assume 
j < r and assume /G,fc(Xj+i) < fcAXj+i)- Then (xi,---,Xj) 7^ (xi,---,Xj)- 
Hence there exists s G {1, . . . , j} such that x's i ixi, Xj)- Then /G,fc(Xi+i) > 
/g,/c(Xj+i) ^ fG,kix's)j which contradicts to the definition of minimal basis. This 
implies uniqueness of the dimension vector and the converse to the above implica- 
tion. □ □ 

Remark 4. Under the assumptions of Proposition 1271 let (xi, . . . , Xr) be a minimal 
basis of G* and 1 < ii < i2 < • • • < *m < be the positions of jumps in the 
vector ifcAxi), fcAXr)), i-c the indices i where fcAXi) < foAXi+i)- The 
argument in the proof of Proposition 1271 shows that the subgroups (xi, . . . , Xij ) for 
j = 1 ... m do not depend on the choice of the minimal basis (xi, • . • , Xr)- This 
yields a canonical filtration G* = Am+i 2 2 ■ • ■ 2 2 = {e} of C* where 
rkAj = ij for j = 1, . . . ,to. It would be interesting to know whether every basis 
(xi, • . . , Xr) of G* respecting this grading of C* is a minimal basis, or equivalently 
if for aU j = 0,...,m and x, x' G ^i+i \ the equality faAx) = JgAx') holds. 

Corollary 28. Let p be a prime and Gi, . . . , G„ be groups. Assume that char k ^ p 
and soc Gi is a central p-subgroup of Gi for i = 1, . . . , n. Then 



The (statement and the) proof is very similar to |KM08[ Theorem 5.1], which 
becomes a statement about minimal faithful representations of p-groups via |KM081 
Theorem 4.1]. Since our situation is more general and we do not require k to contain 
a primitive p-th root of unity, we append the proof. 

Proof. Using induction it suffices to show the case n = 2. Set G := Gi x G2. Taking 
into account the description of minimal faithful representations of Proposition l27l it 
remains to create a minimal basis (xi, . . ■ ,Xr) of (socG)* = (socGi)* © (SOCG2)* 
for fc^k subject to the condition that each Xi is contained in one of (socG^)*. 
Here r — rkZ(G) = rkZ(Gi) + rkZ(G2). Assume that (xi, . . . ,Xi) is part of a 
minimal basis such that each Xi for i < j is contained in one of (soc Gi)*. Choose 
X e (socG)* \ (xi, . • . ,Xi) with fcAx) minimal. Decompose x as x^^'' ©x''^'' where 
X^*-* G (socGi)* and choose W G rep^'^-'(G) of minimal dimension. The definition 
of rep^-^-'(G) means that k^ (ZW®k. Let ei and £2 denote the endomorphism of 
G sending (51,52) to (gi,e) and to (6,52), respectively. The representation pw ° £i 
contains k^d-^ and has the same dimension as W . Now replace x by x''*'' with i such 



n 
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that x^'^ lies outside the subgroup of (socG)* generated by xi, ■ ■ ■ ,Xj- This shows 
the claim. □ □ 

4.3. Central extensions. In this subsection we consider central extensions, as 
investigated in section [51 from the point of representation theory. 

Proposition 29. Let G be a semi-faithful group and let H be a central subgroup of 
G with H n [G, G] — {e}. Let H' be a direct factor of G/[G, G] containing the image 
of H under the embedding H ^ G/[G,G] and assume that k contains a primitive 
root of unity of order exp H' . Then 

rdinife G - rkZ(G, k) < rdim^ G/H - rk Z{G/H, k). 

Moreover, if soc G is a central p-subgroup the above inequality is an equality. 

Recall that G is semi-faithful (over k) if and only if either char fc = or char k = 
p > and G has no nontrivial normal p-subgroups. We need some auxiliary results: 

Lemma 30. In the situation of the proposition G/H is semi-faithful as well. More- 
over there exist characters Xit ■ ■ ■ iXr of G such that n[=i ker H ~ {e}, where 
r = vkH. In particular G has a faithful completely reducible representation of the 
form V — V (Bk'^ where V is a completely reducible representation ofG with kernel 
H and G acts on k^ via g{xi, . . . , Xr) = (xi (3)2^1, • ■ • , Xr{9)xr)- 

Lemma 31. In the situation of the proposition, the quotient homomorphism tt: G — > 
G/H induces isomorphisms Z{G)/H ~ Z{G/H) and Z{G,k)/H ~ Z{G/H,k). 

Proof of Lemmal^ We first show that G/H is semi- faithful over k. The case that 
char fc = is trivial, hence assume that k has prime characteristic p. We now make 
use of the fact that a group is semi-faithful over k if and only if it does not contain 
any non-trivial normal abelianp-subgroups. Assume that G/H has a normal abelian 
p-subgroup P 7^ {e}. Then the inverse image B' of P under the natural projection 
is abelian again, since [B\ B'] C [G,G] H H = {e}. Its p-Sylow subgroup is then 
a nontrivial normal abelian p-subgroup of G. This contradicts to the assumption 
that G is semi- faithful over fc. 

Now let H' be a direct factor of the image of H in G/[G, G] with CcxpH' S k and 
let Z denote its complement. Since fc contains a primitive root of order exp H' there 
exist characters xi,- ■ - iXr oi H' such that n[=i kerxi intersects trivially with the 
image of H in H' . Now define Xi by Xiig) = Xi{'^2''^i[g)) where tti : G ^ G/[G, G] 
and 712 '■ G/IG, G] ^ H' x Z ^ H' are the obvious projection homomorphisms. By 
construction nl=i kerxi Pi H = {e}. □ □ 

Remark 5. Actually one can show that the conditions of Proposition l29l are equiva- 
lent to the existence of a faithful representation of G of the form given in Lemma[5(Il 
The most economical choice for H' is the (unique up to isomorphism) maximal sub- 
group of G/[G, G] subject to the condition socH' = socH, or in other words, such 
that for every prime p the p-Sylow-subgroup of H' contains the p-Sylow-subgroup 
of H and has the same rank. 

Proof of Lemma \31\ Restricting tt to Z{G) and Z{G,k) we get homomorphism 
Z{G) Z{G/H) and Z(G, fc) Z{G/H, fc). It remains to show that the two maps 
are surjective. The map Z{G) — > Z{G/H) is easily seen to be surjective, because if 
some g ^ G commutes with any other e G up to elements of H, then it is central, 
because [G, G]nH ^ {e}. For the second map let tt2 : G/[G, G] ^ Z x H' H' 
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denote the projection and consider the homomorphism G G/H x H',g ^ 
(7r(f/), 7r2(g[G, G])), which is injective. If 77(5) G Z{G/H,k) then k contains a 
primitive root of unity of order ord(7r(g)) as well as a primitive root of unity of 
order expH'. Thus k contains a primitive root of unity of order ordg, whence 
geZ{G,k). □ □ 

Proof of Proposition \29i Using induction on the order of H we may assume that 
H is cyclic: The case that \H\ = 1 is clear. If \H\ > 1 then H contains some cyclic 
subgroup Hq C H. By Lemma [301 G/ Hq is semi-faithful. If H' is a direct factor 
of G/[G, G] containing H then it contains Hq as well. Moreover H' /Hq is a direct 
factor of {G/ Ho)/[G/ Hq, G/Hq] and its exponent is no larger than the exponent of 
H'. Induction yields for the subgroups Hq C G and H/Hq C G/Hq: 

rdimfc G - rk Z(G, k) < rdim^ G/Hq - rk Z{G/Ho, k) 

rdimfc G/ffo - rkZ(G/ffo, fc) < rdim^ G/H - TkZ{G/H, k), 

with equality if soc G (and therewith soc{G / H)) is a central p-subgroup. Combining 
the two lines shows the claim. 

We assume now that H is cyclic. Let V be a faithful representation of G/H with 
dimV — rdinife G/H. By Lemma fT9l we may assume that V is completely reducible, 

V = 0"^i Vi for some n G N and irreducible representations Vi. We must construct 
a faithful representation of G of dimension dim F + rk Z{G, k) — rk Z{G/H, k). By 
(the proof of) Lemma [30] there exists a faithful representation of G of the form 

V (B k^ where x is a character whose restriction to H is faithful. 

If rkZ{G,k) = AZ{G/H,k) + 1 this does the job. Otherwise rkZ(G,A:) = 
vkZ{G/ H,k) and we will consider representations Vmx,...,m„ '■— ® X™' 

for mi,-- - , m„ G Z. Clearly Vmi....,mn has the right dimension. We will choose 
mi, . . . , m„ such that Kni,...,m„ becomes faithful. In general let g act trivially on 
^ii,- -,m„- This implies that for each i the element g acts like x ^i- 
particular the image of g in G/H is an element of Z{G/H, k). Since Z{G/H^ k) ~ 
Z(G,k)/H under the canonical projection this implies that g G Z{G,k). Hence 
Vmi,....rn„ IS 9- faithful representation of G if and only if it is faithful restricted to 
Z(G,fc)." 

The elements of Z{G, k) act through multiplication with characters xi, . . . ,Xn 
of Z{G, k) on Vi, . . . ,Vn- Let x denote the restriction of x to Z{G, k). Then the 
elements of Z{G,k) act through the characters XiX^S - - - j XnX"*" on the irre- 
ducible components of K7ii,...,m„- Using (the second part) of the following Lemma 
[32] we find mi,...,m„ such that XiX'"^ - - - 1 XnX™" generate the whole group 
}iom{Z{G,k),Gm) of characters. Then Vmi,...,m„ is faithful restricted to Z{G,k), 
hence, as previously observed, faithful for G. 

Now assume that G :— soc G is a central p-group. It then consist precisely of the 
central elements of exponent p of G. We want to show rdimfc G/H < rdim^ G — 
(rkZ(G, fc) — TkZ{G/H,k)). By assumption k contains a primitive root of unity 
of order \H\ and we may assume H ^ {e}, hence Cp G k. Let V ~ V^i be a 

faithful representation of G with rdimj, G = dim V and each Vi irreducible. There 
exist characters xi^---iXr G G* :— IIom(G, A:*) such that cvi = Xi(c)vi for c G 
C and Vi G V^i. Faithfulness of V is equivalent to the statement that xi, - - - jXr 
generate G*. In particular r — rkZ(G) = rkG, since V is minimal. Now as in 
the first part of the proof let x G IIom(G, fc*) be a character which is faithful 
restricted to H. By elementary linear algebra there exists i G {1, . . . , r} such that 
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Xi, . . . , Xi-1: xl-tf I Xi+ii • ■ • I Xr is a basis of C* . Replacing Vi by we get a faithful 
representation of G of minimal dimension which is of the form V' (3 k^. Moreover 
by multiplying the irreducible components of V' with suitable powers of x we may 
assume that H acts trivially on V' . Then the representation V" := fc^i^r| © V 
is a faithful representation of G/H. This establishes the inequality rdim^ G/H < 
rdimfe G - (rkZ(G) - rkZ{G/H)) in case that rkZ(G) = rkZ(G/i?). In the other 
case rkZ(G) = rkZ{G/H) + 1. In that case soc{G/H) ~ G/(i7 n G), which is 
faithfully represented on V', turning V' into a faithful representation of G/i? of 
dimension rdim^ G — 1 . This finishes the proof. □ □ 

Lemma 32. (A) Let A be an abelian group generated by ai, . . . , an £ A. Then 
i/rkA < n there exist ei, . . . , e„ G Z co-prime such that J2i=i ^i'^i — 0- 
(B) Let A be an abelian group generated by elements Ci, . . . , c„, h. Assume that 
rk A < n. Then there exist mi, . . . , nin G Z such that A = {ci+mih, . . . , c„+ 
m„h). 

Proof. (A) This follows from the elementary divisor theorem applied to the 
kernel of the map Z" -» A sending the i-th basis vector of to Oi G A. 
(B) First assume that the order of h is of the form where p is a prime and 
I G N. Since rk^ < n part (A) shows that there exist ei, . . . ,e„,eo G Z 
co-prime such that Y^'^=i ^i'^i — ^o^- Now if eo is not divisible by p we 
get that h G (ci, . . . , c„) and we can set mi = . . . = m„ = 0. Otherwise 
there exists i G {1, . . . , n} such that is not divisible by p. Then choose 
rui such that Cimi = 1 — eo (mod p') and set ruj — for j ^ i. Then 
^"^-^ (cj + mjh) — (eo + eimi)h — h, hence /i G (ci + mih, . . . , c„ + rUnh) 
and it follows that A = (ci + mi/i, . . . , c„ + rUnh). 

Now if is arbitrary we decompose it as ft. = where hi is of 

order p'' for some primes pi < ... < Ps and li,...,ls G N and apply 
the just proved statement iteratively to Aj — (ci, . . . , c„, ft-i, . . . , ftj) for 
j = 1 . . . s with generators taken from the previous step plus hj . This gives 
elements ruij, ^ < i < n,l < j < s with Aj = (ci + X]t=i '^i.t^ti • ■ • j c„ + 
St=i '^ri,tht)- We have v4 = The Chinese remainder theorem now im- 
plies the claim. 

□ □ 

Corollary 33. Let G and A be groups, where G is semi-faithful and A is abelian. 
Assume that k contains a primitive root of unity of order exp^. Then 

rdim G X A - rk Z(G, k)x A< rdim G - rk Z(G, k) 

with equality if soc G is a central p-subgroup. 

Proof. Apply Proposition [29] to the central subgroup {e} y. A <Z G y. A. □ □ 

5. Relation of covariant and essential dimension 

The following theorem generalizes |KLS08[ Theorem 3.1], which covers the case 
k = £. 

Theorem 34. Let G be non-trivial and semi- faithful. Then covdim^^ G = edim^ G 
if and only if Z{G, k) is non-trivial. Otherwise covdim^: G = cdimj; G + 1. 



24 



ROLAND LOTSCHER 



Remark 6. The theorem does not hold if char /c = p and G contains a normal p- 
subgroup. Consider for example an elementary abelian p-group, which has essential 
dimension 1 by jLe67l Proposition 5], but covariant dimension 2, as the following 
argument shows: It is enough to consider the case G = TLjpTL. Let V denote the 2- 
dimensional representation of G where a generator g ^ G acts as g{s,t) = (s, s + t). 
Suppose that there exists a regular faithful covariant Lp: K{V) A(T^) with X = 
im ip of dimension 1 . Then any element g induces an automorphism of order p on 
the normalization of X, which is isomorphic to A^. Since in characteristic p no 
automorphism of of order p has fixed points we get a contradiction. 

The proof of Theorem [34] remains basically the same as in [KLSOS) section 3] . 
We will append it for convenience. 

Proof of Theorem\34\ Let Z := Z{G, k) and let V = \^ be a faithful represen- 

tation where each Vi is irreducible. The case when Z is trivial follows from Theorem 
[T^ since M^^ cannot be the zero-matrix for any regular multihomogeneous covariant 
ip: A{V) A{V). Thus assume that Z is non-trivial. Let cp: A{V) A{V) be a 
minimal multihomogeneous covariant. 

First assume that there exists a row vector (3 G Z" such that all entries of 
a := /3M^ are strictly positive. We may assume that ip is of the form p — j where 
/ G A;[l^]'^ is multihomogeneous and ip: A{V) --^ A{V) is a (faithful) regular 
multihomogeneous covariant. Consider tp = {f°'^tpi, . . . ,/""(y9„). It is of the form 
^ip where 7 G Hom(X(rv), A^g(^)) is of type I relative to ip. Since ctj > for all 
j the covariant (p is regular. Lemma [Til implies 

covdimfc G < dim ip < dim p — edim^ G. 

We reduce to the case above by post-composing with a covariant as in Example 
[1] Let g £ Z \ {e} and write M^p = (niij). Since V is faithful the element g acts 
non-trivially on some Vj. For such j one of the rriij^s must be non-zero. Fix and 
jo with rriigjg ^ 0. Then ipjg ^ and we can find a homogeneous h G of 
degree deg h > such that h o ipjj^ ^ 0. For any r G Z consider the covariant 

A(y)-.A(F), v^h^{p>,,{v))p^{v). 

Since h o ipj^ ^ and pi is faithful, pi' is faithful, too. Clearly divciLp' < dimip = 
edimfe G. Moreover (p' is multihomogeneous of degree M^i = {m'^j) where m-^ — 
rriij + r deg hrriijg . For suitable r G Z this yields a matrix M^i where all iri'^^j for 
j = 1 ... 71 are strictly positive. Now for (3 — Cig the entries of a = /3M^ are all 
strictly positive and we are in the case above. □ □ 

6. The central extension theorem 

As announced in the introduction we shall prove a generalization of the central 
extension theorem. 

Theorem 35. Let G be a semi-faithful group. Let H be a central subgroup of G 
with H n [G,G] — {e}. Let H' be a direct factor of G/[G,G] containing the image 
of H under the embedding H ^ G/[G, G] and assume that k contains a primitive 
root of unity of order expiJ'. Then 

edimfc G - rkZ(G, k) = edimfe G/H - ik Z{G/H, k). 
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Remark 7. Theorem 1351 generalizes the following results about central extensions: 
}BR97I Theore m 5.3], [KaOgl Theorem 4.5], |KLS08I Corol lary 3.7 and Corollary 
4.7], as well as }BRV081 Theorem 7.1 and Corollary 7.2] and |BRV07[ Lemma 11.2]. 
Chang's version generalizes the result of Buhler and Reichstein to fields of arbitrary 
characteristic. A closer look reveals that it covers precisely the case of Theorem [35] 
when H is cyclic of prime order and maximal amongst cyclic subgroups of Z{G, k). 
The results of [KLSOSj do not have these additional assumptions, but they only work 
for groups G with rk Z{G) < 2 and are formulated for the field of complex numbers. 
Brosnan, Reichstein and Vistoli's Lemma 11.2 from |BRV07j gives the inequality 
edimfcG > edimfc G/iJ. Theorem 7.1 from [BRV08| for fields with char A: | \G\ 
extends |Ka061 Theorem 4.5] in the sense that it does not assume any more that 
H has prime order, but still it makes the assumption that H is maximal amongst 
central cyclic subgroups of G. Corollary 7.2 from [ BRVOSj is restricted to p-groups 
and it assumes that H is a. direct factor of Z{G). 

If G is a p-group then Theorem l35l can be deduced from the theorem of Karpenko 
and Merkurjev about the essential dimension of p-groups and Proposition 1291 

Proof of Theorem [SR As in the proof of Proposition [29] we may assume that H 
is cyclic and there is a faithful representation of G of the form V (B k^ where x 
is faithful on H and V = ®"^]^ Vi is a completely reducible representation with 
kernel H. We prove the two inequalities of the equation edimfc G — edim^ G/H = 
rkZ(G, fc) - rkZ{G/H, k) separately: 

"<": Let ip: h.{V) A.{V) be a minimal faithful multihomogeneous covariant 
of G/ H . Define a faithful covariant of G via 

$: h{V ®k^) — ^ A(t/®fcx), {v,t) ^ {(p{v),t). 

Clearly <I> is multihomogeneous again of rank rkM$ ~ ikM^p + l = rkZ{G/H,k) + l. 
Moreover by Theorem [T^ 

edimfcG < dim$- (rkAf<i, -rkZ(G, fc)) = edim^ G/H -TkZ{G/H,k) + TkZ{G, k). 

">": Let (p: A{V © k^) A{V © fc^) be a minimal faithful multihomogeneous 
covariant of G. Let m := \H\ and consider the G-equivariant regular map tt: A(F© 
k^) A{V(Bkx^) defined by sending {v,t) i-^ {v,t"^). It is a quotient oiA{V(Bk^) 
by the action of H. The composition ip' := n o ip: A{V © k^) A(V © k^^) is 
_ff-invariant, hence we get a commutative diagram: 

A{V © fc^) - -- ^ A{V © k^) 



A{V®k^,^) - - ^A{V®k^^) 

where (p: A{V ® fc^™) A(V^ © fc^™) is a faithful G/iJ-covariant. Since tt is finite 
the rational maps (p, (p' and <p all have the same dimension edimfc G. Moreover ip' 
and (p are multihomogeneous as well. The degree matrix M^i is obtained from 
Mip by multiplying its last column by m and from M<p by multiplying its last 
row by m. Hence ikM,^ = rkM,^/ = rkAI^. Application of Theorem [12] yields: 
edimfc G/H - TkZ{G/H, k) < dim^ - rkA% = edimfc G - rkZ(G, fc).This finishes 
the proof. □ □ 
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Corollary 36. Let G and A he groups, where G is semi- faithful and A is abelian. 
Assume that k contains a primitive root of unity of order exp A. Then 

edimfcG X A -rk Z{G,k) x A = edimfc G - rkZ(G, fc). 

Proof. Apply Theorem [35] to the central subgroup {e} x A C G x A. □ □ 

Example 2. Consider a group Go which is generated by a normal subgroup H 
and an element g e Gq \ H . Let m := OTd{g) and n := OTd{gH) be the orders of g 
in G and in the quotient G/H. We form the semi-direct product G := Cm x H hy 
letting a generator c of Cm act on H via conjugation by g. Consider the surjective 
homomorphism 

a: G — Cm X H ^ Gq given by a{c) — g and a{h) = h for h E H. 

Its kernel is generated by x :— c^g^"^ , hence cyclic of order r :— m/n. The elements 
c and commute in G and x lies in the center of G, since [a;, c] = e and [x, h] = 
(c"(g-"/ig")c-")/i-i = ig''{g-''hg")g-"-)h-^ = efor h e H. We obtain a central 
extension 

1 — > Cr — ^ G — > Go — ^ 1. 

The intersection [G, G] fl (x) is trivial, since [G, G] C _ff . Now let tt be the set 
of prime divisors of the order of the abelian socle of G Cm x H and assume 
char fc ^ TT. Then 

edimfc Cm x H = edim^ Go + TkZ{Cm x H,k) - rkZ(Go, k). 

Another application of the central extension theorem is the following: 

Corollary 37. Let G be a semi-faithful group with faithful completely reducible 
representation V. Let ip: A(V^) A(V^) be a minimal faithful multihomogeneous 
covariant. Assume that k contains a primitive root of unity of order p for some 
prime p. Then the rational map Try o (p: A{V) --^ ¥(V) has exactly dimension 
dim ip ~ rk Z{G, k) . 

Proof. The inequality dim Tivop < dim 1^9— rk Z{G, k) was already shown previously. 
We use saturation to prove the reversed inequality. We may assume that the rank 
of Z{G, k) equals the rank of its p-Sylow subgroup. By Proposition [25] y admits a 
faithful representation of G G x Gp^*" where n — dimTy and r — ik Z{C, k) — 
ikM^. 

Corollary [5] implies the existence of 7 G Ilom{X(Tv),A4G{V)) such that •jip is 
Z?-equivariant for D = Mtv ■ This turns p :— "fip into a faithful (multihomogeneous) 
covariant for G. Corollary [36] shows that diimp > edim^: G = edim^ G + {n — r). 
Since ny o ip = Try o p we get dim Try o p = dim Try o p > dim p — n > dim p — r, 
showing the claim. □ □ 

7. Subgroups and direct products 

Proposition 38. Let LI <Z G be a subgroup. Assume that G has a completely 
reducible faithful representation which remains completely reducible when restricted 
to H . Then 

edinifc G - rk Z(G, k) > edimfe H - rk Z{H, k). 
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Proof. Let V — ®™ ^ Vi he a faithful representation of G with each Vi irreducible 
and completely reducible as a representation of H and let ip: A{V) A(F) be 
a minimal faithful covariant which is multihomogeneous. By Theorem 1121 rk M,„ = 
rkZ(G, k). Now consider ip as covariant for H. By Proposition [16] the rank doesn't 
go down replacing by a multihomogenization Hx {(f) with respect to a refinement 
into irreducible representations for H. Hence again by Theorem [12] edimt _ff — 
TkZ{H,k) < diTaHxiip)-rkMH^(^) < dim(p-rkMy = edim^ G - rk Z(G, fc). □ 

□ 

Remark 8. There exist pairs (H, G) of a group G with subgroup H such that both 
H and G are semi-faithful over fc, but none of the completely reducible faithful 
representations of G restricts to a completely reducible representation of H . We 
found some examples using the computer algebra system |MAGM-S] . the smallest 
(in terms of the order of G) is a pair of the form H — S3, G = G2 k (G3 k (G3 x G3)) 
in characteristic 2. Also there are examples in order 72 with G = Q% k (G3 x G3) 
or G = Gs K (G3 X G3). 

Proposition 39. Let Gi and G2 he semi- faithful groups. Then 

edimfc Gi x G2 - rk Z(Gi x G2, A:) < edim^ Gi - rk Z(Gi, A:) + edimfc G2 - rk Z{G2, k). 

Proof. Let V = 1 Vi and = ® j=i ^e faithful representations of Gi and 
G2, respectively, where each Vi and Wj is irreducible. Let tfi: A(y) ^{V) and 
((52: A(W^) K{W) be minimal faithful multihomogeneous covariants for Gi and 
G2. Then rkM^, = rkZ(Gi,fc) and rkA//<^, = rkZ(G2,A:) by Theorem [H The 
covariant ipi x ip2: A(V" © W) ---> A(F © W^) for Gi x G2 is again faithful and 
multihomogeneous with rkAf;^ = rkAfi^^ -\- TkM^p^ = rkZ(Gi,A:) + rk Z(G2, fc). 
Thus, by Theorem [H 

edimfe Gi x G2 — rkZ(Gi x G2, fc) < dim(/j — rk A/^ 

= dim + dim 1^92 — rk Z{Gi , fc) — rk Z{G2 , fc) • 
Since dim ipi = edim^ Gi and dim — edim^ G2 this implies the claim. □ □ 

Remark 9. We do not know of an example where the inequality in Proposition 1391 
is strict. 

8. Twisting by torsors 

Let V — ® Vi be a faithful representation of G where each Vi is irreducible 
and let ip: A(l/) A{V) be a multihomogeneous covariant of G with Lpj ^ for 
all j. We denote by f{V) := P{Vi) x . . . x P{Vm) the product of the projective 
spaces. It is the quotient of a dense open subset of A(V^) by the action of Ty. We 
write TTv ■ A(V) ¥{V) for the corresponding rational quotient map. Since (p is 
multihomogeneous there exists a unique rational map ip: ¥(V) ¥{V) making 
the diagram 

A{V)--^A{V) 
I I 

V , V 

P(V)- - ^¥{V) 

commute. Let Z :— Z{G, fc), which acts trivially on P{V) and let G C Z be any sub- 
group. We view ifj a.s an H :— G/G-equi variant rational map. We will twist the map 
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ip (after scalar extension) by some _ff-torsor to get a rational map between products 
of Severy-Brauer varieties. We summarize the construction and basic properties of 
the twist construction, cf. [F108[ section 2]: 

Let if be a field and H he a, finite group. A (right-) H-torsor (over K) is a 
non-empty not necessarily irreducible if- variety E equipped with a right action of 
H such that H acts freely and transitively on E{Kscp)- The isomorphism classes of 
ii-torsors (over K) correspond bijectively to the elements of the Galois cohomology 
set {K, H), where an isomorphism class of an iJ-torsor E corresponds to the class 
of the cocycle a = (a-y) ji^Tk defined by "fx — xa-y, where x is any fixed element of 
E and Tk = EndK(ifsGp) is the absolute Galois-group of K. Every i7-torsor is of 
the form SpecL where L/K is a Galois i7-algebra. 

Let X be a quasi-projective i7-variety over K. Let H act on the product E x X 
by h{e,x) — {eh~^ , hx). Then the quotient {E x X)/H exists in the category of 
if- varieties and will be denoted by ^ X . It is called the twist of the H -variety X by 
the torsor E. 

If X and Y are quasi-projective i7-varieties and X y is a rational map, 
there exists a canonical rational map ^■0: ^X . Moreover if Z is another 

quasi-projective variety and "01: X Y and "02: Y Z are composable, then 
■^-i/ii : ^ X ^Y and ■^'02 : ^Y --^ ^ Z are composable as well with composition 

^(02 0^1). 

Let ^ be a central simple if -algebra on which H acts on the left by algebra- 
homomorphisms. Let i? be a i7-torsor corresponding to a Galois ii-algebra L/K. 
The twist of A by the torsor E, denoted by is defined to be the subalgebra of 
ii-invariants of A ®k L where H acts via h{a ®l) = ha® hi. 

li E ~ H is the trivial ii-torsor then the twist ^X (resp. ^A) is isomorphic to X 
(resp. A). The varieties X and ^X (resp. the algebras A and ^A) become isomorphic 
over a splitting field K' /K of E (i.e. over a field where E has a if '-rational point). 
Let [/ be a if -vector space of dimension n. The algebra End/f (J7) carries an action 
from PGL(C/) via conjugation. Isomorphism classes of central simple if-algebras of 
degree n correspond bijectively to the elements of H^{K, PGL(J7)), via the following 
assignment: For T e i7^(if, PGL(J7)), represented by a cocycle a = {aj)j^rKi the 
corresponding central simple algebra is defined to be the sub-algebra of invariants of 
End(C/) (gj^f ifscp under the action oiTK twisted through a, defined by 7-0 ((y9® A) — 
(a-yip) ® (7A) for If e End(C/) and A e ifsop. 

The three different notions of twisting are related as follows: 

Lemma 40. Let U be a K-vector space of dimension n. The group PGL(C/) acts 
on ¥(U) from the right in the obvious way and on End([/) via conjugation from the 
left. Let /3: if — > PGL([/) be a homomorphism and let E be a H-torsor over if. Let 
H act on ¥{U) and on End([/) via the homomorphism (3. Then ^F{U) ~ SB(A) 
where A := ^End([/). Moreover A is isomorphic to the central simple algebra 

corresponding to the image of E under the map 

Proof. The first part is [F108[ Lemma 3.1]. For the second part, let E — Spec(L) for 
some Galois ii-algebra L and fix t G Hom(L,ifsep) = i?(ifsep). Then the image of 
E in H^{K, PGL(J7)) is represented by the cocycle a = {j3{h^))-y^TK where hj £ H 
is such that '^l = ohj. In other words j{l{£)) = (ift.^)(£) = i,{hj£) for all £ € L. Recall 
that A = ^ End(C/) is the sub-algebra of i?-invariants of End(J7) (S> L and the twist 
B of End(J7) by the cocycle a is the sub-algebra of Tk invariants of End(C/) (g) ifgep 
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under the action twisted by the cocycle a. Consider the homomorphism of K- 
algebras e :— End(C/) ® L ^ End([/) ® Kscp- It is equi variant in the sense 

that e{hyx) = j -a for x G End(C/) (® L and 7 G Tk- To see this, we may 
check it for x = (p (E) i where (p G End(C/) and £ G L. Then e{h^x) = h^Lp (E) L{hji) 
and 7 -Q £(a;) = 7 -a ((yS ® = (3{hj)ip ® 7(i(^)) = h^ip (g) i{h^t). This shows 
that e(^) C i?. Since A is simple, the homomorphism e maps A injectively into 
B. Counting dimensions yields e{A) = B. Hence e establishes an isomorphism of 
if-algebras between A and B, showing the claim. □ □ 

We will now apply the twist construction to our particular situation. Let K/k 
be a field extension and E be an i?-torsor over K . Extending scalars to K we may 
twist the map ipK with E and get a rational map ^ij^K ■ ^P{Vk) ^P(Vr-)- 

Lemma 41. ^P{Vk) Illli SB(y4,); where Ai is the twist o/EndK(l/, ® K) by 
the H-torsor E and Endj<-(Vi (8) K) carries the conjugation action induced from G. 
Moreover the class of Ai in HiiK) coincides with the image (3^ {x) of E under the 
map 

H\K,H) H^{K,C) ^ H^{K,Grr,) = Br(/f) 
where % G C* is the character defined by gv = for g ^ C and w G V^. 

Proof. The first claim follows from Lemma 1301 For the second claim (cf. |KM08[ 
Lemma 4.3]) consider the commutative diagram 

(A', H) ^ {K, C) 

H\K, PGL{V, ® K)) H^{K, G„0 

arising from the following commutative diagram with exact rows: 



c- 



1 



■ GL(y, ® K) 



■ PGL(T^, ® K) 



1. 



This shows that the image (3^{xi) of ^ torsor E over K in H'^{K,Gm) coincides 
with the Brauer-class of the central simple algebra corresponding to the image of 
E in H^{K, PGL(V^i <® K)). By Lemma HUl this is precisely the twist of End(yft:) by 
the iJ-torsor E. □ □ 



Definition 12. Let X and Y be smooth projective varieties. The number e{X) 
is defined as the least dimension of the closure of the image of a rational map 
X X. 

Let C be a class of field extensions of some field K. A generic field of C is a 
field i? G C such that for every L G C there exists a fc-place E L. The canonical 
dimension of C is the least transcendence degree over K oi a. generic field of C, 
denoted by cd(C) (possibly infinite). 

If X is a if-variety or if D C Br(A') is a subgroup, the canonical dimension of 
X (resp. D) is defined as the canonical dimension of the class of splitting fields of 
X (resp. D), i.e. the class of field extensions L/K, for which X{L) ^ (resp. for 



30 



ROLAND LOTSCHER 



which D hcs in the kernel of the homomorphism Br (if) Br(L)). It is denoted by 
cd(X) (resp. cd(i:»)). 

Lemma 42 ( |KM06[ Corollary 4.6]). Let X he a smooth projective K -variety. Then 
e{X) = cd{X). 

We only need the inequality e{X) > cd{X) which is established as follows: Let 
ip: X --->■ X he a rational map with dim-0 = e(X) and let Y be the closure of 
the image of V'- One can show that K{Y) is a generic splitting field for X. Hence 
cd{X) < tdeg^ K{Y) = dim?A = e{X). 

Lemma 43. 

edimfe G - rk Z{G, k) > e {^P{Vk)) = cd (^P(V^k)) = cd(im 

Proof. Let A{V) A{V) and ?/;: P(V') P(V^) be as in the beginning of this 
section and assume that ip is minimal, i.e. dim(p = edimfe By functoriality we 
have dim^ipK < dimipK- Hence 

e (^P(Vk)) < dim^ ipK < diiatpK = dimip. 

We now show that dim-0 < dim 1^9 — rkZ(G, k). Let X := imi^ C A(F). The fibers 
of TTvlx ■ X ^ P{V) are stable under the torus D^p{Tv) ^ Ty. The dimension of 
Dtp{Tv) is greater or equal to rkZ(G, fc), since it contains the image of Z{G,k) 
under G ^ GL(y). Moreover Dip{Tv) acts generically freely on X. Hence the 
claim follows by the fiber dimension theorem. Lemma W2\ implies e {^¥{Vk)) = 
cd(^P(yft:)). The equality cd (^P(yft:)) = cdim/3^ follows easily by Lemma EH 
since it shows that the class of splitting fields of the variety ^P{Vk) is identical 
to the class of common splitting fields of /3^(xi), . . . , f3^(xm)- Since V is faithful 
restricted to C the characters xi, ■ ■ • , Xm generate C* . Hence the splitting fields of 
^P{Vk) are precisely the splitting fields of the image of in Br(i^). □ □ 

Remark 10. Lemma H51 substitutes one part of the proof of the Theorem of Karpenko 
and Merkurjev about the essential dimension of a p-group G when k contains a 
primitive p-th root of unity, saying that edimfe G = rdim^ G. They show in that 
case that edimfe G > edim[i?/G] — cd(im/3^) +rkZ(G) where i? is a generic G/C- 
torsor, G :— soc(Z(G)) and [E/G] is the corresponding quotient stack, see |KM08[ 
Theorem 4.2 and Theorem 3.1]. Our Lemma is more general because G does not 
need to be a p-group. Probably one could also use the stack theoretic approach to 
show the result of Lemma I43[ but using multihomogeneous covariants seems more 
elementary. 

Remark 11 (The choice of the subgroups G C Z{G,k)). Karpenko and Merkurjev 
work with the subgroup of elements of exponent p in Z{G, k). In their setting G is 
a p-group and Cp G ^, so G is the smallest subgroup of Z{G) with the same rank 
as Z{G). In general the best lower bound is obtained with the maximal choice, i.e. 
with the subgroup G = Z{G,k). This is seen as follows: Set Z = Z{G,k). For a 
G/G-torsor E' over K let E denote its image under H\K,G/G) H'^{K,G/Z). 
Then for any % G Z* we have a commutative diagram: 

[K, G/C) ^ ^) ^2 (jj^^^) ^ Br(i^) 



H^{K, G/Z) ^H^iK, Z)^^H'^{K, (G„) ^ Br(X) 
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Since every element of C* is the restriction of some character x ^ this shows 
that im(/3^) = im(/3^ ), hence their canonical dimensions coincide. 

In general we don't know whether the choice of the subgroup of elements of 
exponent p in Z{G, k) gives the same lower bound. 

We quote two key results from [KM08j : 

Theorem 44 ( [KMOSi Theorem 2.1 and Remark 2.9]). Let p be a prime, K he 
a field and D C Br(_fC) he a finite p-suhgroup of rank r G N. Then cdD = 
min{^[^j^(Indai — 1)} taken over all generating sets ai, . . . ,0^ of D. Moreover if 
D is of exponent p then the minimum is attained for every minimal basis ai, . . . , 
of D for the function d i-^ Indd on D. 

Theorem 45 f [KM08[ Theorem 4.4 and Remark 4.5]). Letl^C^G^H^ 
1 be an exact sequence of algebraic groups over some field k with C central and 
diagonalizable. Then there exists a generic H-torsor E over some field extension 
Kj k such that for all % S C* ; 

Ind/3^(x) = gcd{dimy | V e rep(x)(G)}. 

The following corollary works for a slightly larger class of groups than p-groups. 
It becomes }KM08| Theorem 4.1] under the observation that all irreducible repre- 
sentations of p-groups have p-primary dimension when S fc. 

Corollary 46 (cf. [KMOSi Theorem 4.1]). Let G he an arbitrary group whose socle 
C is a central p-suhgroup for some prime p and let k he a field containing a primitive 
p-th root of unity. Assume that for all x G C* the equality 

gcd{dimy I V e rep(^)(G)} = min{dimy | V G rep(^)(G)} 

holds. Then edinifc G = rdim^ G. 

Proof. The inequality edim^ G < rdim^: G is clear. By the assumption on k we have 
rkC = rkZ(G, k) = rkZ(G). Hence, by Lemma l43l it suffices to show cd(im/3-^) = 
rdimfe G — rkG for a generic H := G/G-torsor E over a field extension K of k. 

By Theorem l44l there exists a basis ai,.. .,as of im f3^ such that cd(im/3^) = 
^^'^^(Indai — 1). Choose a basis XIt ■ ■ :Xr of G* such that Oi = P^{xi) for i = 
1, . . . , s and P^{xi) = 1 for i > s and choose Vi G rep'-^'-'(G) of minimal dimension. 
By assumption diml^ — gcd{dimV^ | V G rep*^-*=^'^(G)}, which is equal to the index 
of P^ixi) for the 7J-torsor of Theorem [151 

Set V = Vi©- • -(BVr. This is a faithful representation since every normal subgroup 
of G intersects G = socG non- trivially. Then cd(im/3^) = ELi(Inda, - 1) = 
X;LiInd/3^(x») - rkG = ELidimT^, - rkG = dimV^ - rkG > rdim^ G - rkG. 
The claim follows. □ □ 

The following was conjectured in case of cyclic subgroups of the Brauer group 
and proved (over fields of characteristic 0) for cyclic groups of order 6 in jCKMO^- 

Conjecture 47. Let D C Bt{K) be a finite subgroup. Then 

cdD ^^cd D{p), 
p 

where D{p) denotes the p-Sylow subgroup of D. 
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Remark 12. Brosnan, Reichstcin and Vistoli asked the following question in |BRV07|, 
section 7]: "Let X and Y be smooth projective varieties over a field K. Assume 
that there are no rational functions X Y or Y X. Then is it true that 
e{X X y) = e{X) + e(y)?" It remains true in our case that "a positive answer to 
this question would imply the conjecture above" . 

Corollary of Conjecture 48. Let G be a group whose socle C :— socG is central 
and let k be a field containing a primitive p-th root of unity for every prime p 
dividing \C\. Assume that for all x S C** of prime order mindim = gcddiml^^ 
taken on both sides over all W G rep*^-*^'' (G). Then 

edimfc G = dim - ^ rk C{p) + rk G, 
p 

where V = is a faithful representation of G, the direct sum being taken over 

all primes p dividing \G\, and Vp is of minimal dimension amongst representations 
of G whose restriction to C (p) is faithful. 

Example 3. Using the computer algebra systems [MAGMA] and [GAPj (and 
[SAGEj to combine the two) we found several examples of non-nilpotent groups 
for which jCKMO?! Theorem 1.3] applies when /c is a field containing ^(Cs)- These 
are groups (of order 432) with socG = Z{G) ~ Cq whose Sylow 2- and 3-subgroup 
have essential dimension 2 and 3, respectively. Corollary [48] gives for their essential 
dimension edimfc G = (2 + 3) — 2 + 1 = 4. 

Proof. "<": Consider the multihomogeneous covariant Id: A(V) — > A(V). Theorem 
[H implies edimfc G < dim Id - (rk Mm - rk Z{G, k)) = dim V -J2p^^ C{p) + rk G. 

">": Choose a generic G/G-torsor E. Then edim^ G > cd(im/3^) + rkG, by 
Lemma 133] The p-Sylow subgroup of the image of the abelian group G — 0^ G(p) 
equals f3^{C{p)). Conjecture [171 implies that cdim/3-^ = J2p^'^(^^i^ip))' which 
can be computed with the help of Theorems [44] and [45] Similarly as in the proof of 
CoroUarv 1461 we get the claim, using the replacement of gcd by min. □ □ 

Example 4. Let G be nilpotent, i.e. the direct product of its Sylow subgroups 
Cr{p), p prime. Assume that k contains a primitive p-th root of unity for every 
prime p dividing |G|. Then Conjecture 1471 and its corollary imply 

edimfc G = ^(rdimfc G(p) - rkG(p)) + rkG. 
p 

9. Normal elementary p-subgroups 

Suppose that we are in the case of a non-semi-faithful group G. Recall that 
this happens precisely when charfc = p > and G contains a nontrivial normal 
p-subgroup A. Replacing A by the elements of Z[A) of exponent p (which is again 
normal in G) we may assume that A is p-elementary. In particular edimfc A — 1 hy 
[Le07[ Proposition 5]. We would like to relate edimfc G and edim^ G/A and use this 
iteratively to pass to the semi-faithful case. 

Merkurjev's description of essential dimension as the essential dimension of the 
Galois cohomology functor 7J^(_, G) from the category of field extensions of k to 
the category of sets (see |BF03) ) gives the following: 
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Proposition 49. If A is an elementary p- group contained in the center of G and 
if char k = p then 

{*) edinife G/A< edimfc G < ediinfc G/A + 1. 

Proof. Since A is central there is the following exact sequence in Galois cohomology: 

1 H\_, A) H\_, G) ^ H\., G/A) ^ H'^{., A) ^ 1. 

Thus H^{_, G) H^{-, G/A) is a surjection of functors. In particular edinife G/A < 
edinifc G by [BF03[ Lemma 1.9]. 

We have an action of (_, A) on (_, G) as follows: Let K/k be a field extension 
and let [a] S H^iK,A) and [f3] G H\K,G) and set [a] • [/?] := [a/3] G H^{K,G). 
Since A is a central a/3 satisfies the cocyle condition and its class in H^{K, G) does 
not depend on the choice of a and /3. Moreover it is well known that two elements 
of H^{K, G) have the same image in H^{K, G/A) if and only if one is transformed 
from the other by an element of {K, A) , see |Se64] . Thus we have a transitive 
action on the fibers of H^{K, G) -» H^{K, G/A), and this action is natural in K. 
That means we have a fibration of functors 

H\.,A)-^H\.,G)^H\.,G/A). 

Now j BF03| Proposition 1.13 ] yields edim^ G < edinifc G/A+edimk A = edimfc G/A+ 
1. □ □ 

Remark 13. If G is ap-group and A is a (not necessarily central) elementary abelian 
p-subgroup contained in the Frattini subgroup of G then |Le04j gives the relations 
Q as well. 

Example 5. Let G denote the perfect group of order 8! — 40320 which is a central 
extension of A^ by G2. The socle of this group socG — G2 is central. 
Claim: edimfc G = 8 if char k ^ 2 and edimj. G G {2, 3, 4} if char k — 2. 

Proof. First consider the case when charfc ^ 2. There exists a faithful irreducible 
representation of G of degree 8 with entries in /i2(fc) — G2. This implies in particular 
that edimfc G < 8. Moreover one may check using a Computer algebra system like 
[MAGM.^ or [GAP] that the degree of every faithful irreducible representation of 
G is a multiple of 8. The faithful irreducible representations of G are precisely the 
elements of rep*^'^-'(G) where x is the non-trivial character of socG = G2. Hence the 
claim follows with Corollary |46l 

Now consider the case of char A: = 2. Proposition [49l implies that edimfc < 
edimfc G < edimfc Ag + l. The essential dimension of As ~ GL4(F2) is either 2 or 3, 
see |Ka06[ Lemma 5.5 and Theorem 5.6], and the claim follows. □ □ 
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